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Abstract 

In the project AQV [9] the issue of quantum constraints, KMS-states and algebras of quantum configu- 
ration and momentum variables in Loop Quantum Gravity has been argued. There a physical algebra 
has been required to contain complete observables and the quantum constraints, or at least the quantum 
constraints are afBUiated with this algebra. In this context a first conjecture for a physical algebra is pre- 
sented in this article. A new *-algebra for LGQ, which is called the localised holonomy-flux cross-product 
*-algebra, is studied. A suggestion for a physical *-algebra, which contains the localised holonomy-flux 
cross-product '-algebra, a modifled quantum Hamilton constraint, a localised quantum diffeomorphism 
constraint and even a modified quantum Master constraint, is given. 
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1 Introduction 



In [S] an extended overview about the project Algebras of Quantum Variables in LQG has been presented. 
This article will now focus on the issue of quantum constraints and KMS-theory in LQG. KMS-theory has 
been studied for von Neumann algebras in [71 Section 6.5]. There the holonomy-flux von Neumann algebra 
has been invented. The construction is based on the commutative Weyl C*-algebra for surfaces, which has 
been introduced in [9l Sect.: 3.3] or [71 Sect.: 6.3], and a certain representation of this C*-algebra on the 
limit Hilbert space 'Hoc- The holonomy von Neumann algebra is given by the anaytic holonomy C*-algebra 
and a representation on the Hilbert space T-Lao- But the concept of KMS-states is not naturally available 
for these von Neumann algebras associated to the Weyl C* -algebra for surfaces or the analytic holonomy 
C* -algebra. One can show that even in both cases the von Neumann algebras are not in standard form. 
KMS-theory is also available in the context of C*-algebras. It has been shown in [3 Sect.: 6.5] that there are 
no KMS-states of the Weyl C* -algebra for surfaces or the analytic holonomy C* -algebra with respect to an 
automorphism group defined by a Lie algebra- valued quantum flux operator. Consequently for the algebras 
derived in [7j Chapt.: 6,7, Sect.: 8.1-8.3], [nUTUlIII] a KMS-theory is not easy to achieve. Hence new ideas 
are interesting to study. 

Indeed the analysis of algebras in [3 [TOl HH [7] has shown that new algebras can be defined. In this article such 
a new * -algebra is developed in section |3] This algebra is called the localised holonomy-flux cross-product 
* -algebra. This algebra is a certain cross-product algebra and is derived similarly to the holonomy-flux 
cross-product *-algebra in [7, Sect.: 8.2], 11 . 

The new idea is to locate the algebraic objects in particular the algebras. The new construction of the new 
quantum algebras is also available for non-localised algebraic objects and can be easily extracted from the 
development. Remark that if matter fields come into the play, the author suggests to locate the algebras 
of quantum variables and the matter algebras simultanously. The geometric objects like quantum flux 
operators, which are defined in section [2.3[ are always localised on surfaces. Moreover, the holonomies are 
localised along paths or graphs. The bisections are maps from a certain set of vertices in a fixed manifold S to 
paths that start at a given vertex in the set of vertices. Consequently, also bisections are somehow localised 
objects. The definition of these new objects is presented in section [2. 2. 3[ Furthermore, the important fact is 
that paths and surfaces intersect each other in vertices. Hence a discretised surface set ^d, which contains 
only fixed sets of vertices, is proposed in section [2?l] The localisation of quantum algebras means that algebra 
elements have distinguishing properties if they depend or do not depend on this discretised surface set. For 
the implementation of this idea the configuration space is divided in section [2 . 2 . 2| into two main parts. One 
of them is constructed from holonomies along paths that start or end at some given surface and is called the 
localised part of the configuration space. The other part is build from holonomies along paths that do not 
intersect any surface in this surface set. Hence, the first configuration space is localised on surfaces, while the 
second is not. Furthermore, there are two different *-algebras of quantum holonomy variables presented in 
section [3T] One * -algebra is constructed on the localised part of the configuration space and a convolution 
product between functions depending on this space. In particular, the *-subalgebra of central functions on 
the localised part of the configuration space is used. The other * -algebra is given by the original analytic 
holonomy *-algebra, but is restricted to non-localised paths. These *-algebras are completed to different 
C*-algebras and the C*-tensor product of these two C*-algebras defines the new localised analytic holonomy 
C* -algebra. The C*-algebra of central functions on the localised part of the configuration space is called the 
localised part of the localised analytic holonomy C* -algebra. Similarly to the *-derivations of the analytic 



holonomy C*-algebra [11, Sect.: 4], [7, Sect.: 8.4.2] in section 3.1 *-dcrivations of this new C*-algebra are 
presented. 

There are some new flux operators, which are defined as difference operators between Lie algebra- valued 
quantum flux operators on different graphs in |2.3[ and which are called the localised and discretised flux 
operators associated to surfaces. The main difference between the original Lie algebra-valued quantum flux 
operator, and the localised and discretised Lie algebra-valued flux operator both restricted to a fixed graph 
is that, the second operator is only non-trivial on paths, which are not contained in a certain subgraph. 
The localised enveloping flux algebra associated to a surface set is derived from the localised and discretised 
flux operators. Furthermore, there exists an action of this new localised and discretised flux operator on the 
C*-algebra of central functions on the localised part of the configuration space. 

In [m [7] the theory of an abstract cross-product *-algebra has been used to define a new holonomy-flux 
cross-product *-algebra. This construction is also used for the deflnition of two new localised algebras. One 
algebra is based on the * -algebra of central functions on the localised part of the configuration space and 
the other is derived from the localised analytic holonomy * -algebra. The abstract cross-product * -algebra. 
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which is obtained from the locahsed enveloping flux algebra associated to a surface set and the * -algebra of 
central functions on the localised part of the configuration space, is called the localised part of the localised 
holonomy-flux cross-product * -algebra. The localised holonomy-flux cross-product * -algebra is given by the 
abstract cross-product *-algebra, which is obtained by the the localised analytic holonomy *-algebra and 
the localised enveloping flux algebra associated to a surface set. There are several localised holonomy-flux 
cross-product *-algebras for different surface sets. A * -representation of this new *-algebra is given similarly 
to the representation of the holonomy-flux cross-product * -algebra in sectior (3?2| C* -dynamical systems are 
studied in section [373] Since such dynamical systems are related to KMS-states, these particular states are 
studied. There are certain C*-algebras, which admit a KMS-state. Furthermore, there is a KMS-theory 
available for O* -algebra presented by Inoue [6], which can be used in a further work to analyse the full 
or parts of the localised holonomy-flux cross-product *-algebra. Indeed one can show that the localised 
holonomy-flux cross-product *-algebra is an 0*-algebra. Furthermore, there is also a construction of a C*- 
algebra, which will be called the localised holonomy-flux cross-product C* -algebra in future work, in analogy 
to the holonomy-flux cross-product C*-algebra derived in [in],[3 Chap.: 7]. Then a KMS-theory for this 
new C* -algebra will be studied. 

In this project, a first attempt for a study of the Hamilton constraint as a generator of an automorphism 
group is studied. This constraint plays a fundamental role in the definition of dynamics in LQG. The object 
is for example derived from a volume operator in the work of Thiemann |17| . In this article a modified volume 
operator, which is called the discretised quantum volume operator Q{V)d, is constructed as a sum over Lie 
algebra- valued quantum flux operators indexed by a triple of paths in a graph that start at a common vertex, 
which is an intersection of three surfaces. 

In the construction of the Hamilton constraint as a generator the following facts are used, too. Consider the 
Lie holonomy algebra^ which is constructed from the localised configuration space restricted to a graph F and 
which is identified with the product group C''"! of a compact connected Lie group G. This Lie algebra acts 
on the C*-algebra of central functions on the localised configuration space restricted to a graph, too. Then 
the C*-algebra of central functions admits KMS-states with respect to this action. The modified quantum 
Hamilton constraint restricted to a graph is given by 

exp(i/+i/rj (flA(«) - t)A(a)~') ^ a{i)[^ a[i)-\ Q{V)a] 
The modified quantum Hamilton constraint is defined in the project AQV as the limit 

H :— limi_j.oo exTp{H^ H^^) of a sum over subgraphs of a graph of the modified quantum Hamilton 
constraint restricted to a graph. Note that, the limit graph is assumed to contain an infinite countable set 
of subgraphs. 

The next step is to show that, this modified quantum Hamilton constraint is well-defined and is given as 
the generator of a strongly continuous one-parameter group of automorphisms on the localised part of the 
localised analytic holonomy C* -algebra. The analysis of parts of the modified quantum Hamilton constraint 
shows that, the convergence of the limit in the norm-topology is not obvious and is related to the structure 
of the discretised quantum volume operator Q{V)(i- Summarising, the norm-convergence of the limit of H 
is not easy to derive. The author conjectures that this limit converges and does not depend on a particular 
Hilbert space representation of the modified quantum Hamilton constraint. 

Thiemann has proposed in |16l 117) a Master constraint instead of using a set of constraints. Hence in the 
project AQV a modified quantum Master constraint is suggested. The ideas are the following. In [51 [51 [TU] 
translations defined by bisections of finite path groupoids or finite graph systems play a fundamental role. 
The most general operators, which depend on bisections of finite graph systems that preserve a discretised 
surface set associated to a surface set S, are denoted by -D| ^ and are called the localised quantum 

diffeomorphism constraints restricted to a graph. The adjoint operator is denoted by DZ'* For example 
such operators can be defined similarly to elements of the holonomy-flux-graph-diffeomorphism cross-product 
C* -algebra. The idea for these quantum constraints is to implement the complicated relations between the 
classical spatial diffeomorphism constraints and the classical Hamilton constraints on the quantum level. 

Then the modified quantum Master constraint is defined to be sum of the localised quantum diffeomorphism 
constraint, which is given by 

N 

1=1 <Ji 

and the modified quantum Hamilton constraint H . 
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In the article [TT] the holonomy-flux cross-product * -algebra has been presented, this algebra is comparable 
with the holonomy-flux * -algebra, which has been developed in P3]. A comparison of the localised holonomy- 
flux cross-product *-algebra and the holonomy-flux cross-product *-algebra is presented in a table in section 

m 

2 The basic quantum operators 

2.1 Finite path groupoids and graph systems 

Let c : [0, 1] — > S be continuous curve in the domain [0, 1], which is (piecewise) C'^-differentiable (1 < fc < oo), 
analytic (fc = ui) or semi-analytic (fc = sw) in [0, 1] and oriented such that the source vertex is c(0) = s(c) 
and the target vertex is c(l) = t{c). Moreover assume that, the range of each subinterval of the curve c is a 
submanifold, which can be embedded in S. An edge is given by a |reparametrisation invariant [ curve of class 
(piecewise) C*^. The maps ss,t^ : PTj E where PE is the path space are surjective maps and are called 
the source or target map. 

A set of edges {ei]i^i^,,,^N is called independent, if the only intersections points of the edges are source 
•ss(ei) or t^{ei) target points. Composed edges are called paths. An initial segment of a path 7 is a path 
7i such that there exists another path 72 and 7 = 71 o 72. The second element 72 is also called a final 
segment of the path 7. 

Definition 2.1. A graph T is a union of finitely many independent edges {ei}i=i_. .._7v for iV g N. The set 
{ei,...,eAr} is called the generating set for T. The number of edges of a graph is denoted by \T\. The 
elements of the set Vr '■— {ssiek)it's{£k)}k=i,....N of source and target points are called vertices. 

A graph generates a finite path groupoid in the sense that, the set Vr^ contains all independent edges, their 
inverses and all possible compositions of edges. All the elements of Vr^ are called paths associated to a graph. 
Furthermore the surjective source and target maps and is are restricted to the maps s,t : Vr'^ — s- Vr, 
which are required to be surjective. 

Definition 2.2. Let F be a graph. Then a finite path groupoid Vr^ over Vp is a pair (T'rS, Vr) of finite 
sets equipped with the following structures: 

(i) two surjective maps s,t : Vr"^ — > Vp, which are called the source and target map, 

(ii) the set Vr^^ ■= {(7ij7j) G Vr^ x Vr^ : i(7i) = s(7j)} of finitely many composable pairs of paths, 

(Hi) the composition o : T'pE — > T'rS, where i-> 7i o 7^, 

(iv) the inversion map 7^ i— > 7,^^ of a path, 

(v) the object inclusion map b :Vy ^ T'rS and 

(vi) Vr^ is defined by the set Vr^ modulo the algebraic equivalence relations generated by 

j-^ o 7i - ls(7.) and 7, o ■^r'^ ~ l^^^^-, (1) 

Shortly write Vr^ =^ Vr . 

Clearly, a graph F generates freely the paths in Vr^. Moreover the map s x i : T'pS — Vr x Vr defined by 
(s X i)(7) — (5(7), ^(7)) for all 7 G T'rS is assumed to be surjective {Vr^ over Vp is a transitive groupoid), 
too. 

A general groupoid G over defines a small category where the set of morphisms is denoted in general 
by G and the set of objects is denoted by G°. Hence in particular the path groupoid can be viewed as a 
category, since, 

• the set of morphisms is identified with T^rS, 

• the set of objects is given by Vr (the units) 
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From the condition ([ij it follows that, the path groupoid satisfies additionally 

(i) s(7i o = s(7i) and ^(7^ o 7^-) = t(7j) for every (7^,7^) € T'rS 

(ii) s{v) — V — t{v) for every u e Vr 

(iii) 7 o Is(-y) = 7 = l((-y) o 7 for every 7 e T'rS and 

(iv) 70 (7,07^) = (707^) 07^- 

(v) 7 o (7^1 o 71) 71 = (71 o 7) o 7-1 



The condition (iii) implies that the vertices are units of the groupoid. 
Definition 2.3. Denote the set of all finitely generated paths by 

PrS(") :={(7i,...,7„) e Vr x ...Vv : e V'^''\l < i<n-l) 

The set of paths with source point u £ Vr is given by 

Vv^" :=s-i(M) 
The set of paths with target point v ^Vy is defined by 

Vr^, -.^t-^iv}) 
The set of paths with source point v G Vp and target point u € Vp is 

A graph F is said to be disconnected if it contains only mutually pairs {jij'jj) of non-composable inde- 
pendent paths 7i and 7j for i ^ j and i,j = 1,...,N. In other words for all 1 < i,Z < iV it is true that 
sill) 7^ till) and t{j^) ^ s(7;) where i ^ I and 7^,7; e F. 

Definition 2.4. Let T be a graph. A subgraph F' of T is a given by a finite set of independent paths in 
For example let F := {71, then F' := {71 o 72, 73"^, 74} where 71 o 72, 73'"'^, 74 G T^rS is a subgraph 

(2.) 

of F, whereas the set {71,71 o 72} is not a subgraph of F. Notice if additionally (72,74) G holds, then 
{7i'73'"^'72 ° 74} is a subgraph of F, too. Moreover for F := {7} the graph F~-^ :— {7^^} is a subgraph of 
F. As well the graph F is a subgraph of F"-'^. A subgraph of F that is generated by compositions of some 
paths, which are not reversed in their orientation, of the set {71, jn} is called an orientation preserved 
subgraph of a graph. For example for F := {7i,...,7Ar} orientation preserved subgraphs are given by 
{71° 72}, {7i,72,7iv} or {7Ar-2 o 7Ar-i} if (71,72) e Pr^^^^ and (7Ar_2, 7Ar-i) GTr^^"^^. 

Definition 2.5. A finite graph system Vr for T is a finite set of subgraphs of a graph F. A finite graph 
system Vr' for F' is a finite graph subsystem of Vr for F if the set Vr' is a subset of Vr and F' is a 
subgraph ofT. Shortly write Vr' < Vr- 

A finite orientation preserved graph system V^ for F is a finite set of orientation preserved subgraphs 
of a graph F. 

Recall that, a finite path groupoid is constructed from a graph F, but a set of elements of the path groupoid 
need not be a graph again. For example let F := {71 072} and F' = {71 073}, then F" = FUF' is not a graph, 
since this set is not independent. Hence only appropriate unions of paths, which are elements of a fixed finite 
path groupoid, define graphs. The idea is to define a suitable action on elements of the path groupoid, which 
corresponds to an action of diffeomorphisms on the manifold S. The action has to be transfered to graph 
systems. But the action of bisection, which is defined by the use of the groupoid multiplication, cannot 
easily generalised for graph systems. 

Problem 2.1: Let F := {Fi}i=i_.._jv be a finite set such that each F^ is a set of not necessarily independent 
paths such that 
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(i) the set contains no loops and 

(ii) each pair of paths satisfies one of the following conditions 

• the paths intersect each other only in one vertex, 

• the paths do not intersect each other or 

• one path of the pair is a segment of the other path. 

Then there is a map o : F x F — >■ F of two elements Fi and F2 defined by 
{7i,-,7m}o{7i,...,7m} :=|7i0 7j : i(7i) = s(7i)| ^ ^.^ 

^- ) l<t,J<M 

for Fi := {71, ...,7M},r2 := {71, •••,7m}- Moreover define a map : F — >■ F by 

{7i,-,7m}"^ := {7r\-,7M } 
Then the following is derived 

{7i,-,7M}o{7r\-,7M } = {7i°77^ :*(7i) 

= {7*077^ - tin) 

U {^s^. }l<j<M 
7^ U{ls^^}l<j<M 

The equaUty is true, if the set F contains only graphs such that all paths are mutually non-composable. 
Consequently this does not define a well-defined multiplication map. Notice that, the same is discovered if 
a similar map and inversion operation are defined for a finite graph system Vr- 



*(7i)}^ 
iilj) and i 7^ 



l<ij<M 



<i,j<M 



Consequently the property of paths being independent need not be dropped for the definition of a suitable 
multiplication and inversion operation. In fact the independence property is a necessary condition for the 

construction of the holonomy algebra for analytic paths. Only under this circumstance each analytic path 
is decomposed into a finite product of independent picccwisc analytic paths again. 

Definition 2.6. A finite path groupoid Vv^ over Vv is a finite path subgroupoid ofVr^ over Vt if the 
set Vt' is contained in Vr and the set Vv^ is a subset ofVr^. Shortly write Vr'^ < Vr^. 

Clearly for a subgraph Fi of a graph F2, the associated path groupoid Vti^ over Vr^ is a subgroupoid of 
■Ppa^ over Vr2- This is a consequence of the fact that, each path in Vti^ is a composition of paths or their 

inverses in Vr2^- 

Definition 2.7. A family of finite path groupoids {Vri^}i=i,...,oo, which is a set of finite path groupoids 
VtJ^ over Vr-, is said to he inductive if for any Vti^^Vt^'^ exists a Vv^^ such that Vti^,Vt2^ < 'Pt^^- 

A family of graph systems {Pri}i=i,...,oo, which is a set of finite path systems for Ti, is said to be 
inductive if for any Vvi^Vv^ exists a Vr^ such that Vt^iVt^. < 'Pvs- 

Definition 2.8. Let {VTj^}i=i,...,oo be an inductive family of path groupoids and {Pri}i=i,...,oo be an in- 
ductive family of graph systems. 

The inductive limit path groupoid V over E of an inductive family of finite path groupoids such that 
V := lii^'PriE is called the (algebraic) path groupoid V ^'E. 

Moreover there exists an inductive limit graph Fqo of an inductive family of graphs such that Fqo := lii^ Fj. 
The inductive limit graph system Vr^ of an inductive family of graph systems such that Vr^ '■= Ih^ 'Pr^ 

Assume that, the inductive limit Foo of a inductive family of graphs is a graph, which consists of an infinite 
countable number of independent paths. The inductive limit Vr^ of a inductive family {"Ppi} of finite 
graph systems contains an infinite countable number of subgraphs of Too and each subgraph is a finite set 
of arbitrary independent paths in E. 
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2.2 Holonomy maps for finite path groupoids, graph systems and transforma- 
tions 

In section [23] the concept of finite path groupoids for analytic paths has been given. Now the hofonomy maps 
are introduced for finite path groupoids and finite graph systems. The ideas are familar with those presented 
by Thiemann [17 . But for example the finite graph systems have not been studied before. Ashtekar and 
Lewandowski [T\ have defined the analytic holonomy C*-algebra, which they have based on a finite set of 
independent hoops. The hoops are generalised for path groupoids and the independence requirement is 
implemented by the concept of finite graph systems. 

2.2.1 Holonomy maps for finite path groupoids 

Let Gi ^ Gi , G2 \ G2 be two arbitrary groupoids. 

Definition 2.9. A groupoid morphism between two groupoids Gi and G2 consists of two maps : Gi — > 
G2 and h : Gj* — > G2 such that 

(GI) fi(7 o 7') - f)(7)f)(7') for all (7, 7') e ^ 

(G2) 52(f)(7)) = /i(si(7)), ^2 (f)(7)) = (7)) 

A strong groupoid morphism between two groupoids Gi and G2 additionally satisfies 

(5G) for every pair (f)(7), f)(7')) e G^^^ it follows that (7, 7') e G^ ^ 

Let G be a Lie group. Then G over eg is a groupoid, where the group multiplication • : G^ — >■ G is defined 
for all elements (71,52,5 G G such that 51 • 52 = 5- A groupoid morphism between a finite path groupoid 
Vr^ to G is given by the maps 

f)r : "PrS ^ G, hr : Vr ^ cq 

Clearly 

f)r(7°7') - f)r(7)f)r(7') for all (7,7') e Vr^^^^ 
SG(f)r(7)) = hr{svrT.{n)), tai^Til)) = /ir(i-Prs(7)) 

But for an arbitrary pair (f)r(7i), f)r(72)) =: (51,52) G G^^^ it does not follows that, (71,72) G Vr^^"^^ is 
true. Hence f)r is not a strong groupoid morphism. 

Definition 2.10. Let Vr^ =^ Vr &e a /imte pat/i groupoid. 

Two paths 7 and 7' m T'rS /laue t/ie same-holonomy for all connections iff 

f)r(7) — f)r(7') /o'^ (f)r,'ir) groupoid morphisms 
f)r : T'rS ^ G, /i : ^ {ec} 

Denote the relation by ^s.hoi.- 

Lemma 2.11. The same-holonomy for all connections relation is an equivalence relation. 

Notice that, the quotient of the finite path groupoid and the same-holonomy relation for all connections 
replace the hoop group, which has been used in [1]. 

Definition 2.12. Let Vr^ ^ Vp be a finite path groupoid modulo same-holonomy for all connections 
equivalence. 

A holonomy map for a finite path groupoid Vr'^ over Vy is a groupoid morphism consisting of the 
maps (f)r,/ir), where f)r : Vr^ — > G, /ir : Vr — > {^g}- The set of all holonomy maps is abbreviated by 
Hom(PrS,G). 

For a short notation observe the following. In further sections it is always assumed that, the finite path 
groupoid T'rS =^ Vr is considered modulo same-holonomy for all connections equivalence although it is not 
stated explicitly. 
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2.2.2 Holonomy maps for finite graph systems 

Ashtekar and Lewandowski [1] have presented the loop decomposition into a finite set of independent hoops 
(in the analytic category). This structure is replaced by a graph, since a graph is a set of independent edges. 
Notice that, the set of hoops that is generated by a finite set of independent hoops, is generalised to the set 
of finite graph systems. A finite path groupoid is generated by the set of edges, which defines a graph F, 
but a set of elements of the path groupoid need not be a graph again. The appropriate notion for graphs 
constructed from sets of paths is the finite graph system, which is defined in section [2T| Now the concept of 
holonomy maps is generalised for finite graph systems. Since the set, which is generated by a finite number 
of independent edges, contains paths that are composable, there are two possibilities to identify the image 
of the holonomy map for a finite graph system on a fixed graph with a subgroup of G'^' . One way is to use 
the generating set of independend edges of a graph, which has been also used in [1 . On the other hand, it 
is also possible to identify each graph with a disconnected subgraph of a fixed graph, which is generated by 
a set of independent edges. Notice that, the author implements two situations. One case is given by a set 
of paths that can be composed further and the other case is related to paths that are not composable. This 
is necessary for the definition of an action of the flux operators. Precisely the identification of the image of 
the holonomy maps along these paths is necessary to define a well-defined action of a flux element on the 
configuration space [9 . 

First of all consider a graph F that is generated by the set {71, ...,7jv} of edges. Then each subgraph of 
a graph F contain paths that are composition of edges in {71,.. .,7^?} or inverse edges. For example the 
following set F' := {71 o 72 o 73,74} defines a subgraph of F := {71,72,73,74}- Hence there is a natural 
identification available. 

Definition 2.13. A subgraph F' of a graph F is always generated by a subset {71, 7a/} of the generating 
set {7i,...,7jv} of independent edges that generates the graph F. Hence each subgraph is identified with a 
subset of {"f^^ , ...,7^^}. This is called the natural identification of subgraphs. 

Example 2.1: For example consider a subgraph F' := {71 o 72,73 o 74, ...,7^-1 ° 7a/}, which is identified 
naturally with a set {71, ...,7a/}. The set {71, ...,7a/} is a subset of {71, ■■■,Jn} where N = |F| and M < N. 

Another example is given by the graph F" {71, 72} such that 72 = 7i o 72, then F" is identified naturally 
with {71,71,72}- This set is a subset of {71, 7i, 72: 73, •■•,7w-i}- 



Definition 2.14. Let T be a graph, Vr be the finite graph system. Let F' :— {71, ...,7A/}&e a subgraph ofV. 

A holonomy map for a finite graph system Vr is a given by a pair of maps (f)r, ^r) such that there 
exists a holonomy ma^ (f)r, hr) for the finite path groupoid Vr^ =t Vr cind 

fir : "Pr ^ G'^I, i)r{{li, 1m}) = (f)r(7i), f)r(7A/), ec, ec) 
hr -.Vr ^ {ec} 

The set of all holonomy maps for the finite graph system is denoted by Hom(7'r, G''"'). 
The image of a map f)r on each subgraph F' of the graph F is given by 

(f)r(7i),---,f)r(7A/),eG,---,eG) 

is an element o/G''"'. The set of all images of maps on subgraphs o/F is denoted by Ar- 

The idea is now to study two different restrictions of the set Vr of subgraphs. For a short notation of a "set 
of holonomy maps for a certain restricted set of subgraphs of a graph" in this article the following notions 
are introduced. 

Definition 2.15. Lf the subset of all disconnected subgraphs of the finite graph systemVr is considered, then 
the restriction of Ar, which is identified with G''"' appropriately, is called the non-standard identification 
of the configuration space. If the subset of all natural identified subgraphs of the finite graph system Vr 
is considered, then the restriction of Ar, which is identified with G'^' appropriately, is called the natural 
identification of the configuration space. 

^In the work the holonomy map for a finite graph system and the holonomy map for a finite path groupoid is denoted by 
the same pair {tjryhr)- 
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A comment on the non-standard identification of Ar is the following. If T' := {71 o 72} and T" {72} are 
two subgraphs of F :— {71,72,73}- The graph F' is a subgraph of F. Then evaluation of a map f)r on a 
subgraph F' is given by 

f)r(r') = (f)r(7i ° 72), f}r(s(72)), l)r(s(73))) = (t)r(7i)f)r(72), ec, ec) € 
and the holonomy map of the subgraph F" of F' is evaluated by 

[)r(F") = (t}r(s(7i)),t)r(s(72))l)r(72),f)r(s(73))) = (f)r(72), ec, ec) € 

Example 2.2: Recall example 2.2{l] For example for a subgraph F' := {71 o 72,73 o 74, ...,7^-1 o 7m}, 
which is naturally identified with a set {71, ...,7m}- Then the holonomy map is evaluated at F' such that 

l)r(r') = (t)r(7i), f)r(72), --, f)r(7M), ec, -, ec) € G^ 

where iV = |F|. For example, let F' := {71,72} such that 72 = 7i o 72 and which is naturally identified with 
{7i,7l,72}- Hence 

[)r(r') - (f)r(7i), nr(7i), t)r(72), ec, ec) G G^ 

is true. 

Another example is given by the disconnected graph F' := {71 o 72 o 73,74}, which is a subgraph of F := 
{71: 72j 73: 74}- Then the non-standard identification is given by 

l)r(r') = (f)r(7i ° 72 o 73), f)r(74), ec, ec) e G"* 

If the natural identification is used, then f)r(r') is idenified with 
(f)r(7i),l)r(72),f)r(73),f)r(74)) e 

Consider the following example. Let F'" :— {71, a, 72, 73} be a graph such that 




Then notice the sets Fi :— {71 o 0,73} and F2 := {71 o a ^,73}. In the non-standard identification of the 
configuration space Av" it is true that, 

[)r"'(ri) = (f)r"'(7i °a),f)r"'(73),eG,eG) € G", 
i)r"'i^2) = (t)r"'(7i °a"^),flr"'(73),eG,eG) S G"* 

holds. Whereas in the natural identification of Av" 

[)r"'(ri) = (f)r"'(7i),f)r"'(a),[)r-(73),eG) € G^, 
t}r"'(r2) = (f)r"'(7i),f)r"'(a~'),f)r"'(73),eG) G G^ 

yields. 



The equivalence class of similar or equivalent groupoid morphisms defined in definition ?? allows to define 
the following object. The set of images of all holonomy maps of a finite graph system modulo the similar or 
equivalent groupoid morphisms equivalence relation is denoted by ,4r/©r- 
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2.2.3 Transformations in finite path groupoids and finite graph systems 

The aim of this section is to clearify the graph changing operators in LQG framework and the role of finite 
diffeomorphisms in E. Therefore operations, which add, delete or transform paths, are introduced. In 
particular translations in a finite path graph groupoid and in the groupoid G over {ec} are studied. 



Transformations in finite path groupoid 



Definition 2.16. Let (p be a -diffeomorphism on S, which maps surfaces into surfaces. 
Then let ('I'r, <y5r) be a pair of bijective maps, where f\vr — 'Pr ind 

<I>r : Vr^ VrT, and ipr : Vp ^ Vp (3) 
such that 

(so$r)(7) = (V'ros)(7), {t o <i>r){j) = {ifr o t){-f) for all j e VrT. (4) 
holds such that ($ri y^r) defines a groupoid morphism. 

Call the pair {^r,^r) a path-diffeomorphism of a finite path groupoid Vr^ over Vp- Denote the set 
of finite path- diffeomorphisms by Diff(7'rS). 

Notice that, for (7,7') e T'rS^^) it is true that 

$r(7°7') = *r(7) o *r(7') (5) 
requires that 

(to$r)(7) = (s°*r)(7') (6) 
Hence from ([s]) and Q it foUows that, "I>r(li;) = li^r(«) true. 

A path-diffeomorphism {^r,Vr) is lifted to llom{'Pr^,G). 
The pair (()r ° ^r, ° (pr) defined by 

f)r o $r : 'PrS G, 7 n- ([)r o *r)(7) 
hr oifY -.Vt {cg}, (hr o (py){v) = bg 

such that 

SHoi((f)r o *r)(7)) = (^r ° (^r)(s(7)) = ec, 

iHoi(f)r o <I'r(7)) = (hr o ipr){t{-f)) = ec for ah 7 G VrT, 



whenever (ijrjhr) G Hom(7'rS,G) and {^r,fr) is a path-diffeomorphism, is a holonomy map for a finite 
Ipath groupoid] T^r^ over Vr- 

Definition 2.17. A left-translation in the finite path groupoid over Vp at a vertex v is a map 
defined by 

Lg : VrT.'" Vr^"" , j ^ Lg{j) := o ^ 
for some 9 G "PpS™ and all 7 G Vv^"" . 

In analogy a right-translation Rg and an inner-translation Ig^gi in the finite path groupoid Vr'^ over Vr at 
a vertex v can be defined. 

Remark 2.18. Let (^rj^'r) be a path-diffeomorphism on a finite path groupoid Vt'^ over Vr- Then a 
left-translation in the finite path groupoid Vr'^ over Vr at a vertex v is defined by a path-diffeomorphism 
($r;¥'r) OL'^^d the following object 

L^^ : Vr^'' ^ Vr^'^'-^''\ 7 L<i>^ (7) := *r (7) /or 7 G PrS" (7) 
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Furthermore a right-translation in the finite path groupoid Vr^ over Vr at a vertex v is defined by a path- 
diffeomorphism ($r,<Pr) and the following object 

:Vr^y^ Vt^^^(v), 7 ^ R^vil) ■= *r(7) for 7 € 7^rS„ (8) 
Finally an inner-translation in the finite path groupoid Vt"^ over Vr at the vertices v and w is defined by 

: VrK. ^ 'Pt^Zm^ 7 ^ (7) = $r(7) for 7 G Vr^l 
where (s o (f)r)(7) = 'i^ri^) and {t o $p)(7) — ip-^^iw). 

In the following considerations the right-translation in a finite path groupoid is focused, but there is a 
generalisation to left-translations and inner-translations. 

Definition 2.19. A bisection of a finite path groupoid Vr"^ over Vp is a map a : Vy- ^r^, which 
is right-inverse to the map s : Vr^ — > (i.o.w. s o a — idy^) and such that t o <j : Vc ^ Vy is a bijective 
ma^ The set of bisections on Vr^ over Vr is denoted *B(7'rS). 

Remark 2.20. Discover that, a bisection a G f8(7'rS) defines a path-diffeomorphism ((ppj'&r) G DifF(7'r5^); 
where ip-p ~ t o a and $r is given by the right-translation R„(^) : T^r^^ — )■ Vr'Sipj^(v) iri Vr^ =^ Vr, where 
i?o-(t>)(7) — 'l'r(7) for all 7 € Vr^v o,nd for a fixed v G Vr- The right-translation is defined by 

whenever ^(7) is the target vertex of a non-trivial path 7 in T. For a trivial path ly the right-translation 
is defined by i?o.(ti)(lti) — ^(toa){v) o,rid R^(^){lw) — Iju whenever v ^ w. The right-translation R^^y) is 



required to be bijective. Before this result is proven in lemma 2.23 notice the following considerations. 
Note that, {R^^.y),t o a) transfers to the holonomy map such that 

(f)r o Ra{t{Y)) (7 ° 7') = f)r(7 ° 7' ° cr(i(7'))) 

= f)r(7)f)r(7'°'T(i(7'))) ^ ^ 

is true. There is a bijective map between a right-translation Rcr{v) ■ Vr'^y — > 'Pr5^(to(T)(i>) and a path- 
diffeomorphism {ipr,^r)- In particular observe that, a g ^{Vr^y) and {ipr,^r) & DiS{Vr^y). Simply 
speaking the path-diffeomorphism does not change the source and target vertex at the same time. The path- 
diffomorphism changes the target vertex by a (finite) diffeomorphism and, therefore, the path is transformed. 

Bisections cr in a finite path groupoid can be transfered, likewise path-diffeomorphisms, to holonomy maps. 
The pair (t)r ° hr ° fr) of the maps defines a pair of maps ([}r ° *i>r, hr ° fr) by 

[)r o <i)r : Vr^y G and hr o ip^ : Vr {ec} (11) 

which is a holonomy map for a finite path groupoid] 7^r^ over Vr- 



Lemma 2.21. The set 58(7^rS) of bisections on the finite path groupoid Vr'^ over Vr forms a group. 

Proof : The group multiplication is given by 

(ct * cr'){v) = cr'(w) o a{t{a'{v))) for w € Vr 

whenever a'{v) G T'rS;. („) and a{t{a'{v))) G Vr^l^X^^^^ 

Clearly the group multiplication is associative. The unit id is equivalent to the object inclusion w i— > 1„ of 
the groupoid Vr^ =^ Vr, where 1^, is the constant loop at v, and the inversion is given by 

a-\v) = a{(toa)-\v))-'^ for v e Vr 



^Note that in the infinite case of path groupoids an additional condition for the map t o cr : S — > S has to be required. The 
map has to be a difli'eomorphism. Observe that, the map t o a defines the finite diffeomorphism ipr ■ Vp Vp. 
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The group property of bisections ^(Vr^) carries over to holonomy maps. Using the group multipHcation • 
of G conclude that 

(fir o = fir o {Ra'(v) ° Ra(t(a'(v))))i'^v) = hr{(T'iv)) ■ f}r (cr(t (cr' (w)))) for V GVr 

is true. 

Remark 2.22. Moreover right-translations define path-dijfeomorphisms, i.e. = <i>r and ip-p = t o a 

whenever t; G Vp- But for two bisections CTr^o^r' G *B(7'rS) the object ar'iv) o ar'{v) is not comparable 
with (dr' * fTr')(''^)- Then for the composition <&i(7) o $2(7); there exists no path-diffeomorphism $ such 
that $1(7) o $2(7) ~ $(7) yields in general. Moreover generally the object $1(7) o $2(7') = *i'(7 ° 7') *s not 
well-defined. 

But the following is defined 

R(a*a')(v){l) = *^(7) ° *r(l^^(„)) * $r)(7) (12) 

whenever ^ G Vr^v, (<y3r,^r) G Diff(7^rSi,) and (iy9p,$p) e DiS{'Pr^ip'^i^y)) are path-dijfeomorphisms such 
that ip-p ^to a, $r = Ra{v[.{v)) and (p'^ ^ t o a' , ^'^ = Ro'(v) ■ 

Moreover for (7,7') G Vy^^"^^ and 7' G Pr^u *^ «s true that 

($i, * $r)(7 ° 7') = $r(7 ° 7') ° *r(l<p^(„)) = ^'^(7) ° ^^7') ° $r(l^f,(„)) = $r(7) ° ($r * '5r)(7') 

holds. 

Then the following lemma easily follows. 

Lemma 2.23. Let a be a bisection contained in *B(7^rS) and v G Vr- 
The pair {Rcr{v) i ^ ° cr) of maps such that 

Ra(v) ■ Vr^v 'Pr^(tocr){v), S O _R^(„) = (to a) O s 

t o a :Vr ^ Vr, to R^^^v) = {to a) ot 

defined in remark \2.20\ is a path-diffeomorphism in Vr^ =1 Vr- 

Proof : This follows easily from the derivation 

Raitij')) (7 o 7') = 7 o 7' o cr(i(7')) = Raitij')) (7) ° R^itij')) (7') 

-Ra(t(7))(ls(7) ° 7) = -Rtr(t(7))(ls(7)) ° R<T{t(j))h) = ls(7) ° 7 ° Cr(i(7)) 
Ra{t{j))h ° lt(7)) = -Ra(t(7))(7) ° ^^(t(7))(lt(7)) = 7 ° Cr(t(7)) o 1 (to,7)(t(7)) 

The inverse map satisfies 

'^(^)) = -R<T-i(t.)(7° cr(«)) = 7° cr(w) o a^^{v) = 7 
whenever v ~ t^j), 

whenever v ^ t{'-f) and 

Moreover derive 

(soi?,(„))(7') = ((foa)os)(7') 
for all 7' G PrS^ and a fixed bisection ct G !B(7'rS). 



12 



Notice that, Lo.(t)) ^^nd /cr(t)) similarly to the pair (i?o.(-,y), t o a) can be defined. Summarising the pairs 
(i?CT(i))7 1 ° cr), (icr(t)): i o cr) and (/cr(t))j to a) for a bisection cr G *B(7'rS) are path-diffcomorphisms of a finite 
path groupoid T'rS =| Vr- 

In general a right-translation {Ra, to a) in the finite path groupoid Vr^ over E for a bisection ct e *B(7'rS) 
is defined by the bijective maps R^, and t o a, which are given by 

Ra ■■ VrT, T'rS, s o R^ ^ s 

to a -.Vr ^ Vr, t o R^ = (t o a) o t 

Rail) ■■=loait{-f)) VjeVr^; R-^ -.^ R^-i 

For example for a fixed suitable bisection a the right-translation is R^ilv) = 7, then R~^{'-f) = 707^^ — 1„ 
for V = 5(7). Clearly the right-translation {Ra,t o a) is not a groupoid morphism in general. 

Definition 2.24. Define for a given bisection a in *8('PrS), the right-translation in the groupoid G 
over {cg} through 

[)r o i?, : PrS ^ G, 7 (f)r o i?,)(7) f)r(7 o ^{t{l))) = t}r(7) ' flr(fT(i(7))) 
h^ o t o a : Vy ^ ec 

Furthermore for a fixed a E S(7'rS) define the left-translation in the groupoid G over {eg} hy 

^ToLa-. Vv^ ^ G, 7 ^ \)r{(T{{t o ar\s{i))) o 7) = ^^{^{{t o a)-\s{i)))) ■ \)t{i) 
hr o t o a : Vt eo 
and the inner-translation in the groupoid G over {ec} 

[)r o : Vr^ ^ G, 7 ^ hri^Ht o a)-\s{i))) o 7 o a{tii))) = ()r(a((t o a)-\sii)))) ■ l)r(7) ' i)rHt{l))) 
h^ o t o a : Vy ^ bg 
such that la — La-i o Ra. 

The pairs {Ra, toa) and {La, toa) are not groupoid morphisms. Whereas the pair {la, toa) is a groupoid mor- 
phism, since for all pairs (7,7') € T^rS'-^' such that ^(7) = 5(7') it is true that a{t{j))o(T{{to(T)~^{t{'f)))^^ = 
lt(j) holds. Notice that, in this situation (j{t{i)) = cr{t{i o 7')) is satisfied. 

Proposition 2.25. The map a i— > Ra is a group isomorphism, i.e. Ra*a' = Ra ° Ra' o,nd where a i-^ t o a 
is a group isomorphism from *B(7'rS) to the group of finite diffeomorphisms Diff(Vr) in a finite subset Vr 

The maps a t-^ La and a la are group isomorphisms. 

There is a generalisation of path-difFeomorphisms in the finite path groupoid, which coincide with the grapho- 
morphism presented by Fleischhack in [5j . In this approach the diffeomorphism : S — S changes the source 
and target vertex of a path 7. Consequently the path-diffeomorphism which implements the inner- 

translation in the path groupoid VT, E, is a graphomorphism in the context of Fleischhack. Some 
element of the set of graphomorphisms is directly related to a right-translation Ra in the path groupoid. 
Precisely for every u € E and a S *8(7^E) the pairs {Ra{v),toa), {La{v),toa) and {Ia(v),toa) define grapho- 
morphism. Furthermore the right-translation Ra(v), the left-translation La(v) and the inner-translation Ia(v) 
are required to be bijective maps, and hence the maps cannot map non-trivial paths to trivial paths. This 
property restricts the set of all graphomorphism, which is generated by these translations. In particular in 
this article graph changing operations, which change the number of edges of a graph, are studied. Hence the 
left- or right-translation in a finite path groupoid is used in the further development. Notice that in general, 
these objects do not define graphomorphism. Finally notice that, in particular for the graphomorphism 
{Ra(v),t o a) and a holonomy map for the path groupoid VS =^ S a similar relation (10 1 holds. The last 



equation is fundamental for the construction of G*-dynamical systems, which contain the analytic holon- 
omy G*-algebra restricted to a finite path groupoid Vr^ =^ Vr and a point norm continuous action of the 
finite path-diffeomorphism group Diff(l/r) on this algebra. Clearly the right-, left- and inner-translations 
Ra, La and la are constructed such that ( |10p generalises. But note that, in the infinite case considered by 
Fleischhack the action of the bisections ©('PE) are not point-norm continuous implemented. The advantage 
of the usage of bisections is that, the map cr i o cr is a group morphism between the group *B(7'E) of 
bisections in T'E ^ E and the group Diff(E) of diffeomorphisms in E. Consequently there is an action of the 
group of diffeomorphisms in E on the finite path groupoid, which is used to define an action of the group of 
diffemorphisms in E on the analytic holonomy G* -algebra. 
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Treinsformations in finite graph systems 

To proceed it is necessary to transfer the notion of bisections and right-translations to finite graph systems. 
A right-translation i^^r is a mapping that maps graphs to graphs. Each graph is a finite union of independent 
edges. This causes problems. Since the definition of right-translation in a finite graph system Vv is often not 
well-defined for all bisections in the finite graph system and all graphs. For example if the graph T := {71, 72} 
is disconnected and the bisection a in the finite path groupoid T-'rS over Vr is defined by cr(s(7i)) = 71, 
5-(s(72)) = 72, CT(t(7i)) = 7f ^ and a{t{'y2)) = 72"^ where := {s(7i)i i(7i)) s(72), i(72)}- Let Ir be the set 
given by the elements Is(^j), 1,5(^2) 7-''-t(7i) ^^'^ ^t{'y2)- Then notice that, a bisection or, which maps a set of 
vertices in Vp to a set of paths in PrS, is given for example by (Tr(Vr) = {71, 72, 7r^) 72^^}- this case the 
right-translation R^^(^Vr)i^T") is equivalent to {71, 72, 7r^: 72^^}) which is not a set of independent edges and 
hence not a graph. Loosely speaking the graph-diffeomorphism acts on all vertices in the set Vp and hence 
implements four new edges. But a bisection or, which maps a subset V := {s(7i), 5(72)} of to a set of 
paths, leads to a translation R„^(^v){{^s('yi), 1^(72)}) = {7i)72}) which is indeed a graph. Set V := {71} and 
V = {s(7i)}. Then observe that, for a restricted bisection, which maps a set V of vertices in Vr to a set of 
paths in Vr'^, the right-translation become Rar,{V'){{^s('yi)}) = {71}) which defines a graph, too. Notice 
that ls(7i) is a subgraph of F'. Hence in the simpliest case new edges are emerging. The next definition of 
the right-tranlation shows that composed paths arise, too. 

Definition 2.26. Let T be a graph, Vr^ ^ Vr be a finite path groupoid and let Vr be a finite graph system. 

Moreover the set Vr is given by {vi, ...,V2n}- 

A bisection of a finite graph system Vr is a map ar ■ Vr ^ Vr such that there exists a bisection 
a e Q3('Pr5^) such that crr{V) = {d-{vi) : Vi gV} whenever V is a subset ofVr- 

Define a restriction ar' ■ Vr' — >■ Vr' of a bisection or in Vr by 

(^T'iV) := {a{wk) :wk e V} 
for each subgraph V of T and V C Vr' ■ 

A right-translation in the finite graph system Vr is a map Ra^, : Vr' Vr', which is given by a 
bisection ar' ■ Vr' — >■ Vr' such that 

R.„{T") = R.^,{WI, ...,7m, ■■ e {5(70, ...,s(7k) e ^r', : 5(7,') 7^ s{i^)ii ^ j} \ Vr-}) 

^ r 7i',-,7;,7^Vi o^(*(7;+i)),-,7^ oaK) : 1 

' \wiG {s(7j ), s{ij,) e V^, : s(7D 7^ s{j'j)yi ^ j} \ Vr- , t{^i') + t{i{) Vi ^ /; i, Z e b' + 1, M] j 

= K 

where a G !B(7'rS). K := |r'| and M := \T"\, Vr' is the set of all source vertices of V and such that 
T" := {7", ...,7^} is a subgraph ofV := {7^, ...,7^} and F" is a subgraph ofV. 

Derive that, for a{t{^i)) = it is true that {t o a){s{'^^^)) = 3(7^) — {to (T){t{ji)) holds. 

Example 2.3: Let F be a disconnected graph. Then for a bisection a e QS('PrS) such that cr(i(7,)) = 7,"^ 
for all 1 < i < |F| it is true that 

-R<Tr(r) = {71 ° o-(f(7i)), 7Ar o CT(t(7jv)), Is(^j) o a(s(7i)), o a(s(7jv))| 

= {ls(7i),---,ls(7„)} 

yields. Set F' := {7i,"-,7m}, then derive 

^ar(r') = |7i o5-(t(7l)), •••,7m °5-(t(7M))> 1^(71) °c*-(s(7i)),-",1s(7n-m) 
= {ls(7;), -, ls(7^),7i, •••,7jv-m} 
if r = r U{7i,...,7jv-m}^ 

To understand the definition of the right-translation notice the following problem. 
Problem 2.1: Consider a subgraph F of F := {71,72,73,74}, a map a : Vf ^ Vf^- Then the map 
^<Tf,(r) = {71 7r\72 o lt(72),73 o lt(73), Is(^i) 074} =: F^ 
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r<, := {72, 73, 74} 



/72 / 72 

71 / / 




r := {71,72,73} 

is not a right-translation. This follows from the following fact. Notice that, the map cr maps ^(71) 1— > s(7i), 
t{j2) ^(72), ^(73) t{l3) and 5(71) iili)- Then the map a is not a bisection in the finite path groupoid 
VfT, over Vf, and does not define a right-translation R„- in the finite graph system Vf. 

This is a general problem. For every bisection a in a finite path groupoid such that a graph T := {7} is 
translated to {7 o a{t{'y), ct(s(7))}. Hence either such translations in the graph system are excluded or the 
definition of the bisections has to be restricted to maps such that the map t o cr is not bijective. Clearly, the 
restriction of the right-translation such that F is mapped to {7 o a{t{'-f), ls(7)} implies that a simple path 
orientation transformation is not implemented by a right-translation. 

Furthermore there is an ambiguity for graph containing to paths 71 and 72 such that ^(71) = ^(72)- Since in 
this case a bisection a, which maps i(7i) to i(73), the right-translation is {71 o 73,72 o 73}, is not a graph 
anymore. 



Example 2.4: Otherwise there is for example a subgraph F' of f := {71, 72, 73, 74} and a bisection af such 
that 

K ■= {71 7rS72 O ls(72).73 O ls(73)} 




r;, := {72,73} 



r' := {71,72,73} 



Notice that, i(7i) i-> 5(71), ^(72) ^(72), ^(73) '-^ tils) and t(74) ^(74)- Hence the the map : Vf, 
■ppE is bijective map and consequently a bisection. The bisection af, in the graph system Pf, defines a 
right-translation R^p in Vf,. 

Moreover for a subgraph F" :— {72, 73} of the graph F := {71, 72, 73} there exists a map af, : Vf ^ Vf such 
that 

-R<7f (r") = {72,73,^(s(7i))} = {72,73,71} 




r" := {72,73} 

where t{^2) ^(72), ^(73) ^(73) and 5(71) Consequently in this example the map af is a 

bisection, which defines a right-translation in Vf. 

Note that, for a graph F such that f and f are subgraphs the bisection af extends to a bisection a in Vr 
and af extends to a bisection a'mVr. 



15 



Moreover the bisections of a finite grapli system are transferee!, analogously, to bisections of a finite path 
groupoid -PrS =^ Vr to the group GI^L Let a e ^{Vv) and {\)vM) e Hom(7'r, d^l). Thus there are two 
maps 

\)ToR„:Vv'^ GI^I and o {t o u) -.Vt ^ {ec] (13) 
which defines a |holonomy map for a finite graph system] if a is suitable. 

Now, a similar right-translation in a finite graph system in comparison to the right-translation Ra{v) in a 
finite path groupoid is studied. Let ot' : Vr' — )■ Vr' be a restriction of or S *B(7'r)- Moreover let F be a 
subset of Vr', let T" be a subgraph of T' and F'" be a subgraph of F". Then a right-translation is given by 

R.r'(V)i^") 

R.r' ({7l', iM, : G {s(7l), s{j'^) £ Vi^. : s(70 ^ 5(7;. )V* ^ j} \ Vr-} : Vr- C F 
R<r,, -^iii, : e {s(7i), 5(7^,) e ^r" : ^(7,') ^ + j} \ Fp,.}) 

U{1,, : X, e ^ \ Fr"} U {F" \ F'"} : Vr- t V, Vr-' C V 

Loosely speaking, the action of a path-diffeomorphism is somehow localised on a fixed vertex set V . 

For example note that for a subgraph F' :— {7 o 7'} of F := {7,7'} and a subset V :— {^(7')} of Vr, it is 
true that 

(f)r o Rar{v)){l o 7') = (f)r o Rar(v)){l) ■ (f)r o Rar{v)){i) ^ f)r(7) ' (f)r o R„^^v)){l') = f)r(7 ° 7' ° <^{t{l'))) 
yields whenever err G *B(7'rS). For a special bisection err it is true that, 
(f,r o i?sj(7) = f)r(7 ° 7') - (f}r ° i?^r)(7) • (f}r o i?*,)(7') 

holds whenever ar £ ^{Vr^), o'r(^(7')) — ^Uj') and o'r(i(7)) = 7'. Let a be the bisection in the finite path 
groupoid T'rS that defines the bisection a in Vr- Then the last statement is true, since R^j.{j') = 7' o 7'^^ 
requires : t{j') >-)• 5(7') and R^^{j) =707' needs (Tp : ^(7) til'), where 5(7') = ^(7). Then i?^j,(7) 
and R^^(^t{Y)){l) coincide ii ar{t{j)) = crp(t(7)) and ar{t{j')) = It^y) holds. 

Problem 2.2: Let F' be a subgraph of the graph F, crp be a bisection in Vr, o^r' ■ Vr' — ^ Vr' be a restriction of 
(Tp e *B(7'p). Moreover let V be a subset of Vp', let F" := {707'} be a subgraph of F'. Let (7,7') e Vr'^^^^ ■ 

Then even for a suitable bisection crp' in Vr it follows that, 

Ra,, iV) (7 ° 7') ^ Ra,, iV) (7) ° Ra,, (V ) (Y) (14) 

yields. This is a general problem. In comparison with problem 2.1|1 the multiplication map o is not well- 
defined and hence 

R'7r'{V)il)°Rar'iV)h') 

is not well-defined. Recognize that, Ra-^,{v) ■ Vr — > Vr- 
Consequently in general it is not true that, 

(fir o i?.,,(y))(7 ° 7') = f}r(i?.„(y)(7) ° Ra,,iv)W)) - (f)r o i?.„(y))(7) • (f}r o R.^,iv))h') (15) 

yields. 



With no doubt the left-tranlation L^^, and the inner autmorphisms la^, in a finite graph system Vr for 
every F' € Pp are defined similarly. 

Definition 2.27. Let crp G *B(7'r) 6e a bisection in the finite graph system Vr- Let Ra-r(v) be a right- 
tranlation, where V is a subset o/ Vp. 

Then the pair ($p, ipr) defined by <f>p = R^^^y-j (or, respectively, $p = ^^^(y); or <l>r — for a subset 

V C Vp and (pr — toar is called a graph- dijfeomorphism of a finite graph system. Denote the set of 
finite graph- diffeomorphisms by Diff(7'p). 
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Let r' be a subgraph of F and ap' be a restriction of bisection crp in ^r- Then for example another graph- 
diffeomorphism (<i>r', fr') in Diff('Pr) is defined by $r' = Ra-r,{V) for ^ subset V C Fp' and cp-p' —to ar'- 



Remembering that the set of bisections of a finite path groupoid forms a group (refer 2.21) one may ask if 
the bisections of a finite graph system form a group, too. 

Proposition 2.28. The set of bisections *B(7^r) in a finite graph system Vr forms a group. 
Proof : Let F be a graph and let Vp be equivalent to the set {vi, W2Af}- 

First two different multiplication operations are studied. The studies are comparable with the results of the 
definition [2?26l of a right-translation in a finite graph system. The easiest multiplication operation is given 
by *i, which is defined by 

(ct *i <T'){Vr) {(ct * ^'){vi), {a * ^'){v2n) ■ Vi G Vr} 

where * denotes the multiplication of bisections on the finite path groupoid Vp^ =^ Vr- Notice that, this 
operation is not well-defined in general. In comparison with the definition of the right-translation in a finite 
graph system one has to take care. First the set of vertices doesn't contain any vertices twice, the map cr in 
the finite path system is bijective, the mapping a maps each set to a set of vertices containing no vertices 
twice and the situation in problem 2jl]has to be avoided. 

Fix a bisection tr in a finite path groupoid Vr^ =1 Vr- Let V^' be a subset of Vr where F := {71, 7jv} and 
for each Vi in Va-' it is true that Uj ^ vj and Vi ^ {t o a'){vj) for all i ^ j. Define the set V^^^i to be equal 
to a subset of the set of all vertices {vk G Va' ■ I < k < 2N} such that each pair {vi, vj) of vertices in V^^a-' 
satisfies (t o (o- * (j')){vi) ^ [to a'){vj) and {t o a'){vi) ^ (to a'^ivj) for all i 7^ j. Define 



{w, e {V,n Vr4\ K,,. :(toa)(wj) (^oa')K) Vi ^ j, 1 < < 



The set Va,a\a is a subset of all vertices {vk G V^^a' ■ ^ < k < 2N} such that each pair {vi,Vj) of vertices in 
Kt,ct',ct satisfies {to [a * a * a')){vi) ^ (t o (tr * (7')){vj) and {t o [a * a')){vi) ^ [t o [a (T')){vj) for all i ^ j. 

Consequently define a second multiplication on *B(7^r) similarly to the operation *i. This is done by the 
following definition. Set 

{a*2<j')iVa') ■.^{ia*a')ivi),...,{a*a')ivk) ■.vi,...,Vk £ Va,a',l < k < 2N} 

U {a{wi),cr\wi)...,a{wi),a'{wi) : Wi,...,wi £ W^^a'A < I < 2N} 
U {Ipi, lp„ : pi, ...,Pn £ V„> \ {Va^„. U Wa^a.}, l<n<2N} 

Hence the inverse is supposed to be cr^^(Vr) — a{{t o f7)^^(Vr))^^ such that 

{a *2 cr^^){Va-i) =={(cr*d--i)(wi),...,(CT*o-"^)(w2Ar) : Vi £ V^^^-i} 

U {aiwi),a' iwi)-\..,a{wi),a' {wiy^ : Wi,...,wi £ W,.,-!,! < I < 2N} 
U {Ipi, lp„ : Pi, ...,Pn £ Vr' \ {V,^,-i U W^,,^-i}, l<n< 2N} 



Notice that, the problem 2j2] is solved by a multiplication operation 02, which is defined similarly to 



2- 



Hence the equality of ( |14[ ) is available and consequently (151 is true. Furthermore a similar remark to 12 
can be done. 

Example 2.5: Now consider the following example. Set F' :— {71,73}, let F := {71,72,73} and 
Vr := {s(7i),^(7i), 5(72), ^(72), 5(73), t(73) : s(7,) ^ s(7j),i(7,) ^ ti'jj) ^i^j}. 

Set V be equal to {s(7i), 5(72), 5(73)}- Take two maps a and g' such that o-'(V) = {71,73}, cr(V) = {72}, 
where (t o ct)(s(73)) = t(73), ^'(3(73)) = 73, a' {s{^i)) = 71 and <T(t(73)) = 72- Then 3(73) £ ^^^,,0'^, and 
s(7i) £ Wa^,,a'^,- Derive 

(ct *i <j'){V) = {73 o 72, 71} 

Then conclude that, 

(cr *2 cr')(Vr) = {73 072,71} 
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holds. Notice that 

((7*2 (T')iV) ^ (ct *2 (t){V) = {72,71,73} 

is true. Finally obtain 

(O- *2 CT-^)(yr) = {73 O 73"^7l O 71"^} = {ls(73)' l«(7i)} 

Let (T'(Vr) = {71,73} and a{Vr) = {72,74}- Then notice that, 
cr')(Vr) = {73 072,71} 

and 

{a *2 cr')(Vr) = {73 072,71,74} 

yields. 

Furthermore assume supplementary that t{'ys) = t(7i) holds. Then calculate the product of the maps a and 
a': 

{a *i a'){V) = {73 o 72, 71 o 72} ^ 

and 

(a *2 a')(Vr) = {lt(^,),lt(^3)}ePr 

The group structure of Q5('Pr) transferes to G. Let a be a bisection in the finite path groupoid Vr^ ^ ^ Vr , 
which defines a bisection a in Vr and let a' be a bisection in Vr^ ^ ^ Vr , which defines another bisection 
a' in Vr- Let Vcr,a' be equal to Vr, then derive 

f)r ((<7 *2 «T')(Vr)) = {()r((a * ct'){vi)), f)r((a * a')(w2iv))} 

= [,r(a'(Vr) o a(t(a'(\/r)))) = {Dr(^'(^^) o m<y'M))), i)r{<j'{vN) o a{t{a'{vr,m} , . 

= {f)r(a'(«))(,r(a(t(^'(z;i)))),...,f)r(a'(t;iv))f)r(aWa'(t;^))))} ^ ' 

= i)r{'y'{VrmrHVr)) 

Consequently the right-translation in the finite product GI^I is definable. 

Definition 2.29. Let a^' he in Q5('Pr)> T' a subgraph ofT, T" a subgraph ofV and R^^, a right-translation, 
Lcr^, a left-translation and I^^, an inner-translation in Vr ■ 

Then the right-translation in the finite product Gl^l is given by 

f)r o R,^, : Vr ^ , F" ^ ({)r o R.^,){T") 
Furthermore define the left-translation in the finite product G^^^ by 

f)r o L,^, : Vr ^ d^l, F" ^ (f)r o L„^,){T") 
and the inner-translation in the finite product Gl'^l 

()r o : Vr ^ G'^', F" ^ (f)r o /.,,)(F") 
SMc/i i/iai /ffp, = -f'^-i o -Ro-p/ • 

Lemma 2.30. It is true that Ra^,*^^'^, = Ra^,oR„,^^, L„^,^^„>^^ = L^^, oL„'^^ and Ia^,*2a'^, = laj,, ° la'^, for 
all bisections ar' and crp, in *B('Pr)- 
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There is an action of *B(Pr) on G''"! by 



(C.„oOr)(r") := (firoi?,^,)(r") 
whenever ot' e ^{Vr), T" e Vr' and V e Vr- Then for another a e ^(Vr) it is true that, 
((Cv oC.,,)o[)r)(r") = (f)roi?<,,,.^,)(r") = ° fir) (r") 

yields. 

Recall that, the map a i— > < o o- is a group isomorphism between the group of bisections *B(7'rS) and the 
group Diff(Vr) of finite diffeomorphisms in Vr- Therefore if the graphs F' = T" contain only the path 7, 
then the action Co-p/ is equivalent to an action of the finite diffeomorphism group Diff(Vr)- Loosely speaking, 
the graph-diffeomorphisms {Ra,,, (y) , i o cr' ) on a subgraph T" of V transform graphs and respect the graph 
structure of T' . The diffeomorphism toa in the finite path groupoid only implements the finite diffeomorphism 
in E, but it doesn't adopt any path groupoid or graph preserving structure. Summarising the bisections of 
a finite graph system respect the graph structure and implement the finite diffeomorphisms in E. There is 
another reason why the group of bisections is more fundamental than the path- or graph-diffeomorphism 
group. In [9l [7] the concept of C*-dynamical systems has been studied. It turns out that, there are three 
different C*-dynamical systems, each is build from the analytic holonomy C*-algebra and a point-norm 
continuous action of the group of bisections of a finite graph system. The actions are implemented by one 
of the three translations, i.e. the left-, right- or inner-translation in the finite product G''"'. 



Transformations and discretised surface sets 

Now restricted sets of bisections are concerned. Consider a finite set of paths starting at a discretised surface. 
The idea is to define a bisection a such that the map toa preserves the set of discretised surfaces and 
each path of the certain set of paths composed with the bisection a at the target vertex of this path is again 
a path that start at a discretised surface. The definition follows. 

Define the set V^"^, which contains all target vertices of paths in T'p^'E. Note that, the base point v with 
respect to Vr^"" is the source vertex of all paths in T'rE" and all paths in Vr^^ are contained in T'p'^E 
for all V e ^d. Denote the set of bisections, which are bijective maps from the set V^"^ to paths in T-'p'^E, 
by *8(7'p'^E). On the level of graphs the restricted set of bisections in a graph system Vr is denoted by 
*B(Pp''). Denote the set of graph-diffeomorphisms, which are defined by a bisection in S(7'p'') and the 
right-translation R^, by the term Diff(7'p''). 



2.3 The quantum flux operators associated to surfaces and graphs 

The quantum flux operators presented by Lie algebra elements associated to surfaces and 
graphs 

The quantum analog of a classical connection Aa{v) is given by the holonomy along a path 7 and is denoted 
by f)(7)- The quantum fiux operator Es{'j), which replaces the classical flux variable E{S,f^), is given by 
a map Es from a graph to the Lie algebra g. Let Exp be the exponential map from the Lie algebra g to G 
and set Ut{Es{'j)) := Exp(ii?5(7)). Then the quantum fiux operator Esij) and the quantum holonomies 
()(7) satisfy the following canonical commutator relation 

EsiiMl)^^^, Ut{Esh)Ml) 



dt 



t=o 



where 7 is a path that intersects the surface S in the target vertex of the path and lies below with respect 
to the surface orientation of S. 

In this section different definitions of the quantum fiux operator, which is associated to a fixed surface S, are 
presented. For example the quantum ffux operator Es is defined to be a map from a graph F to a direct sum 
g ® g of the Lie algebra g associated to the Lie group G. This is related to the fact that, one distinguishes 
between paths that are ingoing and paths that are outgoing with resepect to the surface orientation of S. If 
there are no intersection points of the surface S and the source or target vertex of a path 7^ of a graph F, 
then the map maps the path 7^ to zero in both entries. For different surfaces or for a fixed surface different 
maps will refer to different quantum flux operators. Furthermore, the quantum fiux operators is also defined 
as maps form the graph F to direct sum £ £ of the universal enveloping algebra £ of g. 
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Definition 2.31. Let S be a finite set {Si} of surfaces in S, which is closed under a flip of orientation of 
the surfaces. Let T be a graph such that each path in T satisfies one of the following conditions 

■ the path intersects each surface in S in the source vertex of the path and there are no other intersection 

points of the path and any surface contained in S , 

■ the path intersects each surface in S in the target vertex of the path and there are no other intersection 
points of the path and any surface contained in S, 

■ the path intersects each surface in S in the source and target vertex of the path and there are no other 
intersection points of the path and any surface contained in S, 

■ the path does not intersect any surface S contained in S. 

Then define the intersection functions ll : S x T ^ {±1,0} such that 

{1 for a path 7 lying above and outgoing w.r.t. S 
— 1 for a path 7 lying below and outgoing w.r.t. S 
the path 7 is not outgoing w.r.t. S 

and the intersection functions lr : S x T ^ {±1,0} such that 

{—1 for a path 7' lying above and ingoing w.r.t. S 
1 for a path 7' lying below and ingoing w.r.t. S 
the path 7' is not ingoing w.r.t. S 

whenever S G S and 7 e F. 
Define a map cr^ : 5 — > g such that 

whenever S € S and is the surface S with reversed orientation. Denote the set of such maps by ol- 
Respectively, the map an : S ^ g such that 

(tr{S) = aniS-^) 

whenever S G S. Denote the set of such maps by cfr. Moreover, there is a map glXur'.S^q^q such 
that 

whenever S G S. Denote the set of such maps by a. 

Finally, define the Lie algebra-valued quantum flux set for paths 

where Map(r, ® fl) is the set of all maps from the graph T to the direct sum g® Q of Lie algebras. 

Observe that, (lj^ x lr){S^^,j) = (— x — t;j)(S', 7) holds for every 7 e F. 
Remark that, the condition E^{j) — E^'{'y^^) is not required. 

Example 2.6: Analyse the following example. Consider a graph F and two disjoint surface sets S and T. 



Si 
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Then the elements of p are 


for example given by the maps Ef' 


X E-^ for i = 1, 2 such that 


^1 y 1 ) 






1 Di Si ^irr Tzf ( Si-i ) 1 


= (^1,0) 


-^iV 1 ) 




(lt(S-, ^)(tt(S-,) 




= (^1,0) 




— (Ek E^)('y) — 


(it(So 'vWrfiS'ol 
\''L\i->2i IJ'JL\'->2J 


1 r>l Sn 'V 1/T T-> 1 1 1 

)''-RV'^2) iJ'JR\^2)) 


= (^2,0) 




- l-C'2 >-*^2 JVf) — 


{iL{S2,'r)(TL{S2) 


,I'r{S2,1)cTr{S2)) 


= (^2,0) 




= {E^,E^){^) = 


{tL{S3,'y)<7L{S3) 


,^R{Ss,^)aR{Ss)) 


= (0, -Ys) 




= {ElEim = 


{iL{Ss,^)cTL{Ss) 


,i'R{Sz,^)aR{S2,)) 


= (0,-^3) 




= {EtE^){^) = 


{LL{Si,"f)'^L{Si) 


,Ir{S4:,j)<Tr{S4)) 


= (0,^4) 




= {EtEfm = 


{iL{Si,^)cFL{Si),bR{S4,,^)(jR{Si)) 


= (0,^4) 



This example shows that, the surfaces {81,82} are similar, whereas the surfaces {Ti,T2} produce different 
signatures for different paths. Moreover, the set of surfaces are chosen such that one component of the direct 
sum is always zero. 



For a particular surface set 8 the set 

U [j {{E\E^)eMMT,s®0): (iJ^, £«)(7) := (^^(5, 7K(5), 0)} 

is identified with 

y \J {eg Map(r, 0) : Eij) := i^S, 7)(Tl(5)} 
TLeaL ses 

The same is observed for another surface set T and the set p is identifiable with 
y \J {eg Map(r,0) : ^(7) := LR{T,j)aRiT)} 

The intersection behavoir of paths and surfaces plays a fundamental role in the definition of the quantum 
flux operator. There are exceptional configurations of surfaces and paths in a graph. One of them is the 

following. 

Definition 2.32. A set 8 of N surfaces has the simple surface intersection property for a graph F 

with N independent edges iff it contains only surfaces, for which each path 7^ of a graph F intersects only 
one surface 8i only once in the target vertex of the path 7,, the path 7, lies above and there are no other 
intersection points of each path 7, and each surface in 8. 

Example 2.7: Consider the following example. 




r = {7,7} 
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The sets {5*9, S'n} or {5*10, S'12} have the shiiple surface intersection property for the graph F. Calculate 



In this case the set p reduces to 

y y {£;eMap(r,0) : E (j) := -a r{S) for j D S ^ t{j)} 

(yRetjR seS 

Notice that, the set F n = {t{li)} for a surface 5^ G S and 7^ n Sj Si — {0} for a path 7^ in F and i ^ j. 

On the other hand, the set of surfaces can be such that each path of a graph intersect all surfaces of the set 
in the same vertex. This contradicts the assumption that each path of a graph intersect only one surface 
once. 

Definition 2.33. Let T be a graph that contains no loops. 

A set S of surfaces has the same surface intersection property for a graph F iff each path 7^ in F 
intersects with all surfaces of S in the same source vertex Vi d Vr (i = \t.,N), all paths are outgoing and 
lie below each surface S G S and there are no other intersection points of each path 7^ and each surface in 
S. 

Recall the example 2|6] Then the set {^i, 5*2} has the same surface intersection property for the graph F. 
Then the set p reduces to 

y y {ii;eMap(F,fl) : E{j) := -aL{S) iov j n S ^ s{j)} 

Notice that, 70 S*! n ... n Sn = 5(7) for a path 7 in F, whereas FflS" = {s{ji)}i<i<N. Clearly, TCiSi = s(7i) 
holds for a surface 5^ in S*. 

Simply speaking the physical intution is that, fluxes associated to different surfaces should act on the same 
path. 

Notice that, both properties can be restated for other surface and path configurations. Hence, a surface 
set can have the simple or same surface intersection property for paths that are outgoing and lie above (or 
ingoing and below, or outgoing and below). The important fact is related to the question if the intersection 
vertices are the same for all surfaces or not. 

In section [O] the concept of finite graph systems has been introduced. The following remark shows that, 
the properties simply generalises to this new structure. 

Remark 2.34. A set S has the same surface intersection property for a finite orientation preserved graph 
system Vy associated to a graph F (with no loops) iff the set S has the same surface intersection property 
the graph F. 

A set S has the simple surface intersection property for a finite orientation preserve^ graph system 
associated to a graph F if the set S has the simple surface intersection property for the graph F. 

Definition 2.35. Let S be a surface set and T be a graph such that the only intersections of the graph and 
each surface in S are contained in the vertex set Vy ■ 

Then the set of images {£'(7) ^ £ ri "//^^^ maps for a fixed path j inV is denoted by g^ ^. 

Proposition 2.36. Let S be a set of surfaces and T be a fixed graph (with no loops) such that the set S has 
the same surface intersection property for a graph F. Moreover, let T be a set of surfaces and T be a fixed 
graph such that the set T has the simple surface intersection property for a graph F. 

Then the set gg ^ is equipped with a structure, which is induced from the Lie algebra structure of Q, such 
that it forms a Lie algebra. The the set ^ is equipped with a structure to form a Lie algebra, too. 

■^Let S be equal to S. Then notice that the property of aU graphs being orientation preserved subgraphs is necessary, since, 
for a subgraph F' := {7'} of F the graph {7'~^} is a subgraph of F, too. Consequently, if there is a surface S intersecting a 
path 7' such that 7' is ingoing and lies above, then S intersects the path 7'"^ such that 7'^^ is outgoing and lies above. This 
implies that, the surface S cannot have the same surface intersection property for each subgraph of F. 
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Proof : Step 1: linear space over C 

Consider a path 7 in F that lies above and ingoing w.r.t. the surface orientation of each surface S in S and 
ingoing and above with respect to T. Then there is a map Es such that 

Esij) = -X 

There exists an operation + given by the map s:g5^xgg^— >g^^ such that 

(7), E^{^)) ^ s{E^{^), E^{^)) := E^i^) + E^{^) = -ai{S,) - al{S^) = -al{[S]) 
since € and where [5] denotes an arbitrary representative of the set S. Respectively it is defined 

{E{{^),E^(:^)) ^ s{E^ij),E^{j)) := E^{j) + E^ij) = -a^T) - 4(T) = -^(T) 
whenever cr]^ G an and T d T. There is an inverse 

E{j) - £(7) = X-X = 
and a null element 

E{j) + Eo{7)=X 
whenever Eoi'y) = —(Jl{S) = 0. Notice the following map 

X Ss,7' 9 (Ei{i),E2{i)) ^ i?i(7)+i?2(7') G S (17) 

is not considered, since, this map is not well-defined. One can show easily that (g^ ^, +) is an additive group. 
The scalar multiplication is defined by 

A • ^(7) = \X 

for all A G C and X G g. Finally, prove that (gg ^, +) is a linear space over C. 
Step 2: Lie bracket is defined by the Lie bracket of the Lie algebra q and 

[i?i(7),i?2(7)] [^1,^2] 
for £;i(7),£;2(7) e gg .^ and 7 e F. 

■ 

If a surface set S does not have the same or simple surface intersection property for the graph F, then the 
surface set can be decomposed into several sets and the graph F can be decomposed into a set of subgraphs. 
Then for each modified surface set there is a subgraph such that required condition is fulfilled. 

Definition 2.37. Let S a set of surfaces and T be a fixed graph (with no loops) such that the set S has the 

same (or simple) surface intersection property for a graph F. 

The universal enveloping Lie algebra of the Lie algebra g^,^ of fluxes for paths of a path 7 in T and all 

surfaces in S is called the universal enveloping flux algebra ^ associated to a path and a finite 
set of surfaces. 

Now, the definitions arc rewritten for finite orientation preserved graph systems. 

Definition 2.38. Let S be a surface set and T be a graph such that the only intersections of the graph and 
each surface in S are contained in the vertex set Vr- Vr denotes the finite graph system associated to F. Let 
£ be the universal Lie enveloping algebra of q. 

Define the set of Lie algebra-valued quantum fluxes for graphs 

0s,r •= U U {'^■s.r e MapCT'r, ® fl) : ^s,r := Eg x ... x Eg 

TLXCReS SeS \Er\ \Er\ 

where Es{j) := {LL{-y, S)aL{S), Lni-y, S)aR{S)), 
Es€gs,T^S€S,j€T} 
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Moreover, define 

^s,T •= U U {^s,r e Map(Pr, ^ ® ^) : Es,r := Eg x ... x Eg 

o-LXaReS- seS \Er\ \Er\ 

where Es{j) := {t-Lil, S)aL{S), LR{'y, S)aR{S)), 
Ese£s^^,S€S,j€T} 

The set of all images of the linear hull of all maps in Qg^ for a fixed surface set S and a fixed graph T is 
denoted by 0^, p. The set of all images of the linear hull of all maps in Qgj, for a fixed surface set S and a 
fixed subgraph V ofT is denoted by Y'<r- 

Note that, the set of Lie algebra- valued quantum fluxes for graphs is generalised for the inductive limit graph 
system Pr^- This follows from the fact that, each element of the inductive limit graph system Pr^ is a 
graph. 

Proposition 2.39. Let S be a set of surfaces and P^ be a finite orientation preserved graph system such 
that the set S has the same surface intersection property for a graph T (with no loops). 

The set gijp forms a Lie algebra and is called the Lie flux algebra associated a graph and a finite 
surface set. The universal enveloping flux algebra £g p associated a graph and a finite surface 
set is the enveloping Lie algebra ofg^^. 

Proof. This follows from the observation that, g^; p is identified with 
U U {Es,t G Map(Pi?, g) : Es,r := Eg x ... x Eg 

where Es{j) := -cTi(5),i?s e gs,p,5 S S,^gt} 

and the addition operation 

Ek,ri^) + El^A^) (i^^, (71) + (7i), i?^;, (7iv) + (tw)) 
= i-aiiS,) - aUS^), -ai{S,) - al{S^)) 
= (45](7i),...,£;fs](7iv)) 

whenever r := 71, ...,7jv. □ 

Notice that indeed it is true that, 
0s,r = QSiX 

yields for every Si € S. The more general definition is due to physical arguments. 

Proposition 2.40. Let T be a set of surfaces and Pp be a finite orientation preserved graph system such 
that the set T has the simple surface intersection property for T. 

The set Qf p forms a Lie algebra. 

Notice this follows from the fact that Qf p reduces to 

U {^^_p e Map(P^, 0) : Ef ^^ := Et, x ... x Et^ 

TL&^L \Er\ 

where EtM) ■= -(TL{Ti),Es G gs,p,7i e f, 

7inTi = t(7i),7er} 

since, 

Es„r{T) + ... + Es^,r{T) = {Et, (71), 0, 0)) + (0, EtM, 0, 0)) + ... + (0, 0, £;T„(7iv))) 

= {EtM, -.EtM) =: ^f,r(r) 

The Lie flux algebra and the universal enveloping flux algebra for the inductive limit graph system Pr^ and 
a fixed suitable surface set S are denoted by g^ and 

Finally assume that p, resp. Gg, denotes the Lie flux group associated to Lie flux algebra fl^ p, resp. 
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The discretised and localised quantum flux operator associated to surfaces and graphs 

Now consider a restriction of the quantum flux operators to discretised surfaces and graphs. Notice that, 
the Lie algebra-valued quantum flux operator usually distinguishes between paths, which are lying below, 
and paths, which are lying above the surface in a surface set. For simplicity in this article the case of paths 
lying below is considered only. With no doubt the second case can be defined analogously. The discretised 
surfaces do not allow to distinguish between paths lying above or below with respect to a surface orientation 
of a surface. Hence in this situation the discretised surface set has to be associated to a set of surfaces with 
a surface orientation. Summarising the cases below or abo ye are not treated in the context of discretised 



surfaces. In this way, the intersection functions of definition 2.31 are maps such that ll : Sd 'x T ^ {0, —1} 
and tij : S'd X F ^ {0, 1}. 

Deflnition 2.41. Let be a set of discretised surfaces, which is constructed from a set S of surfaces, and 
let T be a graph. Let {Fi}i=i^. .oo be an inductive family of graphs such that for every graph Ti the intersection 
points of a surface set and the graph Ti are vertices of Vr- . Denote the set of intersections of a graph Ti 
and a discretised surface set by 15 ({Fj}). 

Let Too be the inductive limit of a family of graphs {Ti}. Furthermore, assume that, the set S is chosen such 
that 

(i) for each graph of the family the surface set S has the same surface intersection property, 
(ii) the inductive structure preserves the same surface intersection propert^^for S and 
(Hi) each surface in S intersects the inductive limit T^o a finite or an infinite number of vertices. 

Then Es^{T)^ Es^iT) denote the (Lie algebra-valued) discretised quantum flux operator associated a 
surface Sd and a graph T such that S'd H F is a subset of the set of vertices Vp and Es^ ^ 0Sd r- 

The (Lie algebra-valued) discretised and localised quantum flux operator Es^{Ti-^-l)^ Esd(^i+i) 
sociated a surface Sd and an inductive family of graphs {Ti}i^i oo is defined by the difference 
operator 

^5.(r.+i)+^s,(F,+i) i?s,(F,+i)+i?s,(F.+i) - EsA^,)+EsA^{) 
for Es^iT^) e Qsd,ri Es^{Ti+i) e 9si,r,+i ^'^'^^ 

(i) Es^{Ti^i)~^ Es^{Ti^i) is non-trivial only for intersections of the surfaces in S and the graph F^+i in 
vertices contained in the set is{{TiJ^i}) \ isi{^i}) o,fid 

(ll) (^5a(r.+i) + ^s.(r.+i))+ = ^s,(F,+i) + ^5a(r»+i) yields. 

The set of such discretised and localised quantum flux operator Es^iT)^ Es^iT) associated a graph T is 
denoted by fl'j"^p CLnd called the localised Lie flux algebra associated a discretised surface set and 

a graph. The set of such discretised and localised quantum flux operator Es^iTij^i)'^ Es^iTi+i) associated 
an inductive family of graphs {Fi}i=i...oo is denoted by and called the localised Lie flux algebra 
associated to a discretised surface set (and an inductive family of graphs). 

The localised enveloping flux algebra f l?'^^ associated to a discretised surface set and a graph 

is given by the enveloping algebra of the localised Lie flux algebra associated to a discretised surface set Sd 
and the graph T. 

Finally, the localised enveloping flux algebra f^'^ associated to a discretised surface set (and an 
inductive family of graphs) is given by the enveloping algebra of the localised Lie flux algebra associated to a 
discretised surface set Sd. 

If the situation of all paths are ingoing w.r.t all surfaces in a set S, then the localised Lie flux algebra (resp. 
localised enveloping flux algebra) associated to a discretised surface set S'd associated to S and an inductive 

family of graphs is denoted by g^*^ (resp. fio^)- 

Finally assume that, Gg^ p (resp. Gg^) denotes the Lie flux group associated to Lie flux algebra fl'j^^p (resp. 



particular, a graph F', which has the same intersection surface property for S, has the same intersection behavior for S 
if r' is considered as a subgraph of a graph F, too. 
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3 The localised holonomy-flux cross-product *-algebra 



3.1 The localised holonomy *-algebra 

The construction of the locahsed holonomy C*-algebra 

The construction of the new algebra of quantum configuration variables combines a lot of the structures, 
which have been presented in [51 IHl HOI IHl El ■ In particular the idea for the definition of the holonomy-flux 
cross-product *-algebra jTH Sec: 3.1], [3 Sec: 8.4] is used. 

Assume that G is a compact connected Lie group, F be a graph, S a surface set and a discretised surface 
set (associated to S). 

The convolution holonomy *-algebra associated to F is denoted by C{Ap) (resp. C{A^)). This algebra is 
completed with respect to an appropriate norm to a C*-algebra, which is called the non-commutative 
holonomy C*-algebra C*{Ay) (resp. C*{A^)) associated to a graph F. Moreover, the C*-algebra C*{Af^) 
(resp. C*{A^)) is isomorphic to a inflnite matrix C*-algebra Afr(C). The analytic holonomy C*-algebra 
associated to the graph F is denoted by C{Ay)- Note that, the graph F is defined such that there are no 
intersections with elements of Sd- Now new C*-algebras are constructed from C*-tensor product algebras. 

Definition 3.1. Let T be a graph, S a surface set and Sd a discretised surface set (associated to S). Then 
denote the subgraph of F such that, this graph contains all edges of the graph F that do not intersect with 
any vertex of the discretised surface set Sd, by F. 

Define 

C*{Ad,r) C*{A'^) ® C*{Al) where 
C*iA^):=<^ (g) C*(^,^.,,o...o^.,J 

iel k=l,...,Nl 

The localised holonomy C* -algebra associated to a graph and a discretised surface set is given 
by the tensor product C*{Ad.r) ® C!{Ay) (with respect to the minimal C* -norm). 

In this article only certain graphs are studied. These graphs are assumed to decompose into two sets of 
graphs: one set contains disconnected graphs that contains only paths such that either the source or target 
vertex is an element of each surface Sd in Sd, and the other set of disconnected graphs contains graphs Ti 
that contains paths, which does not intersect any point of each discretised surface set Sd in Sd- Hence this 
property generalises to set of graphs. In particular such a decomposition exists for an inductive family of 
graphs. 

Definition 3.2. Let {F^} be an inductive family of graphs, which contain only paths such that either the 
source or target vertex is an element of each surface Sd in Sd- Moreover, let {Ti} be inductive family {Ti} of 
graphs that contains no paths, which start or end in a vertex contained in any set of the discretised surface 
set Sd- 

There is a increasing family of matrix algebras {C*(,4p.),/3p. p.^j^}j=i,..,oo with /3p. p.^^ unit-preserving *- 
homomorphisms such that the union of all matrix algebras is a normed * -algebra, which can be completed by 
the minimal tensor product norm to a C* -algebra 

C*{A'^) := U C*{Af^J 

m— l,...,oo 

There is a increasing family of matrix algebras {C*(^d.ri),/3d.ri,ri+i}i=i,...oo with /3d,ri,ri+i unit-preserving 
* -homomorphisms such that the union of all matrix algebras is a normed * -algebra, which can be completed 
by the minimal tensor product norm to a C* -algebra 

C*iAi) := U C*iAd.rJ 

m— l,...,oo 

Furthermore, there is an inductive limit C* -algebra C{A\oc), which is constructed from an inductive family 
{C{ArJ, /3Ti,r,+i)}i=i,....oo of C* -algebras- 
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In particular, an element of C*{Ad.r) is for example given by 

/r(t)r(7i,i), f)r(7JV,i)) /r(t)r(7i,i ° 71,2), f)r(7JV,i o 7JV,2)) 



Notice that, for TiHTj = ioi i ^ j then C'*(yld,riur, )_= C*(yld,r,)«)C*(^d,r, ), C*{Ad.T,) is isomorphic to 
the C*-subalgebra C* {Ad.T,)®'^Tj of C*(yl.d,rJ®C'*('4d,r3 ) where Ir^. is the identity operator in C*(^d,rj)- 

Definition 3.3. The localised holonomy C* -algebra is the C* -tensor product algebra C(.4ioc) <E) C*{A'^) 
(with respect to the minimal C* -norm) associated to a discretised set of surfaces. 

In this definition the notion of localisation is emphasized, since the elements of this new algebra really depend 
on a chosen discretised surface set associated to a surface set. 

Actions of the group of bisections on the localised holonomy C*-algebra associated to a graph 
and a discretised surface set 

In this paragraph graph changing operations are studied. First observe that, there are some certain bisections, 
which map target vertices of certain paths to suitab le pat hs. The set of these bisections in a finite graph 



system V^"^ has been introduced at the end of section 2.2.3 and is denoted by *8(7-'p'*). Only these bisections 



restricted to a set V^'^ are used to define an action of bisections on the localised analytic holonomy C* -algebra 
associated to a graph and a discretised surface set. The action is for example given by 

(a/r)(t)r(r')) = /r(l)r(r',)) for a G 
whenever 

• freC*{AdT), 

■ r := {7' J, r„ := {7', o f7(i(7'J)} are subgraphs of F. 
In general the action is defined as follows. 

Lemma 3.4. There is an action a of the group *8(Pp'*) of bisections on the C* -algebra C*{A^), which is 
defined by 

(Mr) ■■=froK 
whenever fr G C*{Ay). 



Proof : Let cr e «B('Pp'') then c I— > Co- is a group homomorphism and 

Ufr)=Ufrr 



yields sfor ah cr,cri,cr2 e ^{V^") and fr e C*{A 



Now focus paths, which do not have any intersection with a discretised surface in S'd. Then there is an 
action of Diff(7'p) and hence ^(T'p) on C(,4p). This action is a point-norm continuous automorphic action 
of Diff(Pp) on C{Ay') for every graph F of the inductive family {Fj} of graphs. 

Derivations defined by the discretised and localised flux operator for surfaces and graphs 

In section 



2.3 



the discrete and localised flux operator Es^{Ti+iy Es^{Tij^i) has been introduced in definition 
2.41[ The definition of this operator is chosen such that this operator acts non-trivial on elements of 
C*(.4p.^J and commute with all elements contained in C*{Ap.). 
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Definition 3.5. Define the derivation Ss^Xj C*{A'^.) with domain 'DlSs^Xi+i) following commu- 

tator 

for a fixed ^s,(r,+i)+^5a(r,+i) G fll^^^ and /r,+, G I?(^Sa,r.+J. 
The domain I?((5sd,ri+i) is a *-subalgebra of C*{Ay^). 

Lemma 3.6. The linear operator Ss^.Ti is a symmetric unbounded * -derivation with the domain ^{Ss^Si) 
of the unital C* -algebra C*{Ap.). The domain T){ds^.ri) "is a dense * -subalgebra of C* (Af^.). 

Proof : To show that, the domain T>{Ss^,ri) is a dense *-subalgebra of C*{A^.) recognize that, T>{6s^,ri) ■— 
C°° {A'^^ ) is indeed dense in C* {A"^^ ) . 



Corollary 3.7. The limit 

SsAf) * lim [EsA^j+iV EsA^j+i), f] 

for every f G T>{Ssa) ^''^'^ '^'^ element Esdi^j+i)^ Es^iTj+i) G 0'j"^r ^'^^ every j, is well-defined in the 
norm topology. The domain is given by 

j = l,...,oo 

Proof : Note that, 

[^5.(r,+i)+^5.(r,+i),/rJ = o 

yields whenever Vrf, < T-'Vj+i < k < j and fr^ € C*{Ay^). Consequently, derive 
~SsAf) * lim [EsA^j+iV EsA^j+i), f] 



= I lim [^s,(r,+i)+^s,(r,+i), /r„ ® ... ® fr, ® /r,+J 



I lim [EsATj+i)+EsATj+i)jT,^^\r,] 



= 



Redefine the symmetric unbounded *-derivation for the discretised flux operator Es^iTi) for a graph r^, 
which is given by 

Ss,.rAf) = [EsA^j)^Es,(Tj)J] (18) 
whenever / G T>{Ssd) s-'^d for a fixed Es^ ^ flsj r ■ 

In contrast to the property of the *-derivation of the C*-algebra C{A) presented in [Tl] Prop.: 4. 7], [7, Prop.: 
8.2.19], the *-derivation of C*{A'^) exists under weaker conditions for the surface set and the directed family 
of graphs. In the previous construction the set S of surfaces has to be chosen such that for each graph of 
the inductive family of graphs {r^} there is only a finite number of intersection vertices with each surface of 
the set S. 

Proposition 3.8. Let Sd be an arbitrary discretised surface set and {Fi},-! ..._oo be o,n inductive family of 
graphs. 

Then the limit 

SsAf) ■= «^.l™^^Sd,r,+i(/) (19) 
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whenever f € 'D{Ss^) exists in norm. The domain of the limit is given by 

j = l,...,oo 

and'D{5sa) is a * -suhalgehra ofC*{A'^). 



Proof : Derive 



= I lim [^5,(r,+i)+^5.(r,+i), /] + z lim [EsArj)+EsATj), f] 
= z lim [^s,(r,+i)+^s,(r,+i),/] + ... + z lim [EsA^i)^ EsA^i)J] 
+ i lim [EsA^o)+Es,{^o)J] 



(20) 



by using corollary 3.7 



3.2 The general localised part of the localised holonomy-fiux cross-product *- 
algebra 

The construction of the general localised part of the localised holonomy-flux cross-product 
* -algebra 

Recall the concept of abstract cross-product algebras, which has been presented by Schmiidgen and Klimyk 
|13j . This concept has been used in OTj, Def.: 3. 10], It's Sec: 8.2] for the definition of the holonomy-flux 
cross-product *-algebra associated to a surface set. In analogy a similar cross-product *-algebra can be 
defined as follows. 

In the following considerations the *-algebra C*(^p) (resp. C*(A^) and C*{Ad,r)) has to be restricted to 
functions m_C°°{A'^) (re_sp. C°°{Al) and C°°(^d,r))- The resuhing *-subalge'bra is denoted by C*{Af~) 
(resp. C*{A^) and C*{Ad,r)) ^nd is called the localised analytic holonomy *-algebra associated to a 
graph r and a discretised surface set again. 

To start with a right-invariant flux vector field is defined as follows. For simplicity, the investigations start 
with a graph F, which contains only one path 7, and one discretised surface S^- Clearly, the following 
definition generalises to graphs and a suitable discretised surface set Sd- 

Definition 3.9. Let the graph F contain only a path 7 and be a discrete surface associated to a surface S 
such that the path lies below and outgoing w.r.t. the surface orientation of S . Set Esai^)^ Es^iT) Xg^Xs^- 

Then the right-invariant flux vector field e^ is defined by 
[^s,(F)+^s.(r),/r] :=e^(/r) 

where 

e^(/r)(f)r(7)) = ^ , Jr(exp(tX+ X5,flr(7)) for Xg, € Q,i)r{l) € G,t eM (21) 



t=o 



whenever fr € C*{Ay) and Es^{T) e 0s<i,r- Set 

e^(/r)([)r(7)) = |^[^^/r(exp(-tX+ XsJ[)r(7)), for Xs, € 3,^r{l) G G,t G M (22) 
such that 

[EsAT)EsAr)+Jr]^e'^ifr) 
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The definition of a right invariant vector field is needed to study the following well-defined structure. 

Lemma 3.10. Let Sd be a set of discretised surfaces, which is constructed from a set S of surfaces, and let 
T be a graph. Let {ri}i=i_ .oo be an inductive family of graphs such that for every graph Ti the intersection 
points of a surface set Sd and the graph Ti are vertices of • Denote the set of intersections of a graph Ti 
and a discretised surface set Sd by is{{Ti}). 

Let Too be the inductive limit of a family of graphs {Ti}. Furthermore assume that, the set S is chosen such 
that 

(i) for each graph of the family the surface set S has the same surface intersection property, 
(ii) the inductive structure preserves the same surface intersection property for S and 
(Hi) each surface in S intersects the inductive limit Too a finite or an infinite number of vertices. 

Then C*(^'^) is a left 8^?'^ -module algebra. The action of E^?"^ on C*(^'^) is given by 
^s.(r)+^Sa(r) > /r := e^(/r) whenever Ss,(r)+^s,(r) e £'P^ and fv e C*{A''). 

In analogy C*{A^) is a right £^[Q^''"-module algebra and is defined by right invariant vector fields. Now a 
construction of a cross-product *-algebra is given as follows. 

Definition 3.11. Let Sd be a set of discretised surfaces associated to a surface set S , which has appropriate 
poperties with respect to a graph T and an inductive family {ri}i=i_ ...oo of graphs. 

The general localised part of the localised holonomy-flux cross-product * -algebra for a graph T 
and a discretised surface set Sd is given by the left (or right) cross-product * -algebra 

C(^^) XL £'?l^{ or C{Al) ^RStf) 

which are defined by the vector space C(^p) (E) '^^'^p with the multiplication given by 

ifr ® E^sA^)) L (/^ ® El^{T)) f^{E^sA^) > f^) EI^{T) + f^f^ ® EI^{T) ■ EI^{T) 
and the involution 

ifr>EliT)r ■.^fr>El{T)+ 
whenever E^^{T),E^T),E^{T) G S'^^ and f^,flfT S C{A^). 

The general localised part of the localised holonomy-flux cross-product * -algebra associated to 
a discretised surface set Sd is given by the left (or right) cross-product * -algebra 

CiA") XL or C{Ad) Xflftc) 

which are the inductive limit of the families {(C(^p) x^ f 1°^^^, /3p p, x (3p p,)} (or {{C{A^) xii?,^ioc'^> /^d '" ^ 

^d'^ )}) where $r,r' ■ '^f"^p ~^ ^^s'^ri '^^^ suitable unit-preserving * -homomorphisms for a suitable set Sd of 
discretised surfaces that preserve the left (or right) vector field structure. 

Summarising the general localised part of the localised holonomy-flux cross-product *-algebra is a certain 
cross-product *-algebra, which is defined by the localised analytic holonomy *-algebra and the localised 
enveloping flux algebra associated to a discretised surface set. 

A representation of the general localised part of the localised holonomy-flux cross-product 
*-algebra 

In [TTl Sec: 4], [3 Sec: 8.2.3] a certain * -representation of a Lie algebra has been studied. This *- 
representation is called the infinitesimal representation of a Lie algebra on a Hilbert space. Similarly the 
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representation of the general localised part of the localised holonomy-flux cross-product * -algebra is presented 
as follows. 

First in this article the * -representation of the Lie flux algebra ^ implemented by the infinitesimal 
representation du on the Hilbert space Hp, which is given by L'^{Ap,Hp). Notice that, the configuration 
space is equivalent to G^^ for a suitable Af e N and /ip is the corresponding Haar measure on G*^. The 
infinitesimal representation corresponds to the unitary representation u of the Lie flux group p in the 
G*-algebra C*{A^), i.o.w. u £ Rep(Gg^ p,G*(^p)). The * -representation of the general localised part of 
the localised holonomy-flux cross-product *-algebra is derived from this *-representation. 

Summarising the next definition the * -representations of the following algebras: 

• the localised analytic holonomy *-algebra C*(^p), 

• the localised enveloping fiux algebra f and 

■ the general localised part of the localised holonomy-flux cross-product *-algebra C*(^p) xi^ ^^'^p 
on the Hilbert space "Hp are presented. 

Definition 3.12. The * -representation ofC*{Ap) is defined by 

$A/(/r)V'r = /rVr for fr € C*{A^) and e 
$M(/;)^r = /rVr for fr G C*(^^) and ibr G V.^ 

There exists a positive self-adjoint operator du(Es^{T)^ Es^{T)) or, respectively, 
the adjoint operator du{Es^{T)Es^{T)^) on the Hilbert space Tip defined by 

du{EsAr)+EsAn)i^r i[i?5a(r)+i?5.(r), ^r] 

for a fixed EsA^)+EsAT) G 4°T G V{duiEsA'r)+ Es,{T))) 

du{EsAr)EsA'^)^)y^r ■■= -*[i?s,(r)+£;s,(r),^r] 

for a fixed EsA^)+EsA^) G £l°;_p and G V{duiEs,{T)+ Es.iV))) 
andue Rep(G^^ p,C*(^5!,)). 

The * -representation of the * -algebra C*(.4p) xi on "Hp is defined by 

7rr(/r ® «i?s.(r,)+i?s.(r,))Vr := ^z[i?5. (r,)+i?5. (F,), /r]^r + ^z/r[i?s. (r,)+i?s. (r,), Vr] 
for fr G C*(^^) and for a fixed EsA^^Es^^ G fl^p 

7rr(/r ® *i?5.(r,)+i?5.(r,))^r ^ * [i?5. (r,)+ i?5. (F,), /r]7/^r + ^z/r[i?5. (r,)+i?5. (r,), Vr] 
for fr G C*(^^) ^ ^^^j, Es,{T)+EsAT) G £'§l^ 

whenever G V{du{EsAT ,)+ Es^T ,))) . 

3.3 C*-dynamical systems, KMS-states and the localised holonomy-flux cross- 
product *-algebra 

In this section different G*-dynamical systems are constructed from different actions and algebras. The aim 
is to implement a strongly continuous one-parameter automorphism group such that a modified quantum 
Hamilton constraint is the generator of this automorphism group. This will be done in several steps. In this 
section the basic G*-dynamical systems are introduced, which are used in the section [3. 4| for the analysis of 
the modified quantum Hamilton constraint. 

First notice the following result. In general, for every G*-algebra 21 and a point norm-continuous automorphic 
action /3 of M on 21, there is a set 21'^ defined by all element A G 21 such that Pt{A) = A for every i G M. 
Then the set 21*3 is a norm-dense *-subalgebra of 21. 
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Set t)r(r) =: [)r G Ap. Let a^.r be the enveloping Lie algebra of the Lie algebra associated to ^p. Consider 
the C*-subalgebra -H(^p) of C*{Af.), which is generated by all central functions, i.e. all functions /r G 
C*iAf) such that /r([}r) = /r(0r'f)r0r) for all flr e Af. 

Finally, consider an action PaaXi of IR on C*{Ay) defined by 

i/3ai,r,(t)fr,){i)rj := /r,(exp(-fad,rjf)r, exp(tad,rj) 
and notice that 



for a fixed Lie algebra element aa r in Od r yields. Set C*{A^) be equal to 21. Then 21^ is isomorphic to 
Z{Af). 

Proposition 3.13. The triple (C*(^p.),R, ^n^j^rj is a C* -dynamical system. 

This is verifed easily, after the following considerations. 
Furthermore, there is an action aod.r^ of R on Z{Ay) defined by 

(a!ad,r,(*)/rj(f)rj := /ri(exp(-tad,rjf)rj 

and 



(«aa,r,(i)/rj*(f)r.) := .(i)/rJ(f)F/) 



d,rj 

whenever /r^ € .E(^p.) and ad.r^ € ad,r- 

Proposition 3.14. The triple (.E(^p.),]R, aoj^rj « C* -dynamical system. 

Proof : Derive 

(ciaa.r,(ii+i2)/rj(t)rj 

= /r.(oxp(-(ti +t2)ad,rjf)rj 

= /ri(exp(-fi0d,r.)exp(-t2ad,rjf)ri) 

= (<5ad,r, (*l) o "aa.r, (i2)/rj([)r.) 

and, since, /ri(f)ri) = /r^ (flr.^flr, Or, ) f«r «11 0r, "= A^. it follows that, 



«,r,(*)/rj*(f)rj = /r,((exp(-iad,rjf)rj-^) 
= /r,(f)FVrOexp(iad,rJ) 



= (5a+,/*)/rJ({)F/(ri)) 

= «,r,W/?J({)rJ 
yields whenever f e IR and /r^ G -E(^p.). 

("ad,r,(0(fcr. * /rj)(f)r.) = (/cr. * /rj(exp(-tad,rjf)rj 

= / d/i^^^p^(flr.(rO)fcr.(0r.(r,))/r,(0r.(ri)-^exp(-tad,rJf)rJ 

= / d/xs p,(flri(ri))fcr,(exp(-tad,r.)flri(ri))/r.(flr,) 
= (5ad,r, (i)(fcrj * <,r, (t)(/rj)(f)rj 
whenever t e K and fcr^, /r^ G Z(^p.). Moreover, 1 ciod.r (i)(/ri) is point-norm continuous. 
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Clearly, the same calculations can be done to verify proposition |3. 13] 

Proposition 3.15. There is a state cj^ on C*(^p) associated to the GNS-triple (i^(.4p, /i^^ p), <i>M, ^^r)' 



which consists of the * -representation $Af presented in definition 3.12 the Hilbert space L'^{Ap, fig^ p) and 
the cyclic vector fip. The state is given by 



c^2(/r) / dM^^(f)r)|/r(f)r)P 
whenever fr £ Z{A^). 

The set Z(^p.) contains only entire analytic elements for /3aj r • 

Proposition 3.16. Let Ti be a graph, {C* {Ap.),M., Pa^n) o.nd (Z(^p.),M, aa^^rj be two C* -dynamical 
systems defined above. 

Then the state w^' is a KMS-state at value /3 € M on C*(^p.) or, respectively, on Z{A'^.). 

Proof : Calculate for kr-,fri G ^i-^r ) ^'^'^ /ri(f)ri) = /ri(flrif)rj for all gp. e ^p it is derived that, 
(fcp^*<,,^(i/3)(/rJ)(flr.) 

^ / d/i5^p^(0rjfcr.(0rj/r.(0r.^exp(-i/3ad,r.)f)rj 
= / d/i^^ p.(0r.(ri))fcr,(flrJ/r.(exp(i/3od,rj0F.^f)rJ 
= / d/^s^ p.(0rJfcr,(0rJ/r,(0F^^f)r, exp(-i/3od,rJ) 
is true. Then derive 



d M^^^p^ (fir J I (/cr, * fiaa.r, (/r J) (Or. ) 1' 

/ d/i5^p^(f)rj / d^^_^p^(0rj|fcr.(0rj/r,(0r.^t)r, exp(-i^Od,r,))|^ 

/ d/i^^p.(f)rj / d/x^_^ p.(0rJ|fcr.(0rJ/r,(0r,^f}rJP 

/ d/i^^p^(0rj / d^i^^ p^([)rJ|/r.(0rJfcr,(0F.^[}r,)|^ 
JAi JAi 



Clearly, the state is M-invariant 

'^£(/r) = ci£(ac,..r. (0(/r)) for /r e Z(^^) ^ ^ 



Recall the *-derivation (5sd.ri+i given in definition 3.8 then the state lj^ on Z{Ay.) satisfies 



^c'^'iSs,,r.^Afr,+J) -^^•+H^s.T,(/r,+J + [^+ (r,+i)^5.(r.+i), /r.+J) 
= w^'((5sd,r,(/r.)) 

~ri 



(23) 



Hence, the limit state ljc of the states w^'^^ on the *-algebra Z{A'^) is compatible with the family of 



-derivations {(55j,ri+i}- Recall the * -representations presented in definition 3.12 
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Corollary 3.17. The state a)^ on Z{Ay) extends to a state lj^ on Z{Af') Xl 



Equivalently, the * -representation on "Hp with cyclic vector ftf. constructed from ui^ of Z{Ay) extends 
to a * -representation TTp on "Hp with cyclic vector f2p of Z{Ap) xi l ^^s^^- 

Proof : Notice that, it is true that [Es^(rj)'^Es^(rj), flf] ~ and, hence, derive 



whenever £^5^ ^ Bs^r- 



Notice that, the state on Z{A^) is not unique. Since, for Kr G L^{A'^, /id r) there is another state defined 

by 

^lKifr)--= I Xr([)r)dA*^d(f,p)|/r(()r)|' 
whenever /p e Z(^p). 

There exists a hmit state ujc of the states {w^'''"^} on the *-algebra ZlA^"^) xl 

Recall that, there is a group action of *B(7^p'') on Z{A^'^). This action is also action on Z{A^'^) xl iPg"^, 
since, E^A^„)EsA^a) = E^A^)EsA^) is true and, hence, 

C.(/r ® iE+A'^)EsA'^)) - C.(/r) ® iE+A^)EsA'^)) 

whenever <t e *B(7'p'') holds. 

Definition 3.18. Denote the center of the Lie flux group G^^ p by Z(Gg^ p) and the Lie flux algebra 
associated to Z{Gg^ p) by ^g^j,. Finally, the enveloping algebra of the Lie flux algebra p is denoted by 

Recall that, the space Af is identified with G''"!. The state lo^ on Z{Af') is already Diff (7'p'')-invariant. 



Definition 3.19. Let {Ti} be an inductive family of graphs with inductive limit Too, S b e a se t of surfc 



aces 



and a set of discretised surfaces associated to S such that the assumptions in definition 2.41 are satisfied. 



Then the localised holonomy-flux cross-product * -algebra associated to a discretised surface set 

Sd is given by the following tensor product 



The cross-product * -algebra Z{A^'^) Xl (£g^ is called the localised part of the localised holonomy-flux 
cross-product * -algebra C(^ioc) (8 Z{A^'^) x^ £5 . 



Note that, the localised holonomy-flux cross-product * -algebra associated to a discretised surface set Sd is 
abbreviated by the term localised holonomy-flux cross-product *-algebra for surfaces. 

Theorem 3.20. Let {Ti} be an inductive family of graphs with inductive limit Too, S b e a se t of .surfaces 



and Sd a set of discretised surfaces associated to S such that the assumptions in definition 2.^1 are satisfied. 



Then there exists a Diff (T^p^*)- and T)\S{Vy) -invariant state on C{A\oc)® ZiA^"^) yi l'^s^j which is a product 

state of the state uj M ofC{A\oc) and the state ljc of Z{A^'^) >i l ^g^- The state uj^ is a KMS-state on Z{Af) 
at inverse temperature /3 G M w.r.t. the automorphism (5ad.r- 
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Summarising a modified holonomy-flux algebra is constructed. The assumption of diffeomorpfiism invariance 
of the state space of the modified algebra is relaxed to a surface-preserving graph-diffeomorphism invariance 
for a finite set S of surfaces and an arbitrary fixed graph F. 

Finally, if different surface sets are considered, then the following is true. There is a family {C(.4p) (g) 
Z{A^'^) Xl rir of localised holonomy-flux cross-product *-algebras associated to graphs and a surface 
set S. Consider a subset of S and S'j of Sd such that the assumptions in definition 2.41 are satisfied. 
Then for every surface Si in there is a surface 5* in S" with C 5 and Sf C S^. Then it is true that, 
the algebra Z(^p'') xi/, (Bgi p is a subalgebra of Z{A-p'^) x l p- But this is not true for the full localised 
holonomy-flux cross-product *-algebras associated to a graph and a surface set S. 

For two disjoint surface sets and the elements of the localised holonomy-flux cross-product *-algebras 
satisfies some relations. But there is no easy locality relation such that two algebra elements commute, i.e. 

A e CiAf) (X" ZiA^"^) y>L £52 p and B e CiAf) «) -H(^p'*) x^ €^1 p it is not true that, [A,B] = yields. 
Notice that, the quantum flux operators Eg^{T) e €^1 p and _E|^(F) e £^2 p satisfy [£'^^ (F), i?^^ (F)] = 0. 



3.4 The quantum constraints and a suggestion for a physical *-algebra 

Recall the quantum Hamilton constraint operator defined in [51 [7] , which is given for example in |18| by the 
expression 

Q{Ct{N)) = 5] tr ( (f,^(;A) - i)A{lAr') ^AhA)[i}AhA)-\ Q{V)]) 

AST 

where PiaI^a) denotes a holonomy along a loop I a in a subset A of a triangulation T, 7a denotes a path. Let 
S := {5*1, S2, S3} be a set of surfaces associated to the triangulation T. Then the quantum volume operator 
Q{V) is defined by 

QiV)^ EsMEsMEsM 
71,72,73 

the sum is over all triples of paths, which are build from three paths that intersects in a common vertex 
V. Consequently, one can localise the quantum volume operator and the quantum Hamilton constraint 
operator on a set Sd of discretised surfaces and a graph system Vr- The resulting operators are denoted by 
Q{CT{N))dx or Q{V)d,r and are called the modified (or discretised) quantum Hamilton constraint 
or the discretised quantum volume operator associated to graphs. But the operator Q{CT{N))d.r is 
neither an element of Z{A^) nor C(^ioc) fX" Z{A^'^) x^ 

Consequently, in the following the quantum Hamilton constraint is modified. First notice the quantum 
Hamilton constraint iJp restricted to a graph, which is given by 

exp(i/p) := (f)r(0 - f)A(0"') t)r(7)[f]r(7)"\ Q(^)d,r] 

whenever /,7 e F. In particular, the quantum Hamilton part Hr.p restricted to a graph is given by 

exp(i/p,p) := (t,p(/) - f)r(0"') ^r{l) 

whenever ^,7 G F. The operator [f)r(7)~"'^, Q{V)d,r] omitted first. Then the quantum Hamilton part is 
localised such that pH^ p is an element of the enveloping Lie algebra of the Lie algebra aj p associated 

to Af. 

The quantum Hamilton part H^^p defines an action of M on Z{A^.) by 
("H+,,Hr^,pW/rJ(f)rJ := /r.(exp(-tiJ+_pi/p„p)()r.) 

and 

whenever /p. € Z{Ap.) and pHr.p G a^^ p yields. 
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Proposition 3.21. The triple (Z(y^p,),M, ^) is a C* -dynamical system. 

The state uj^ is a KMS-state at value /3 e M on Z(Ay.) such that 

holds for allA,Be Z{A'^J. 

Proposition 3.22. Let the triples {Z{Af~J,'DiS(V^'^),C) and (Z(^^. ), E, q;^+ ^) be C* -dynamical 
systems. 

Then the automorphisms C and p '^('^r ) '^^ not commute. 

Definition 3.23. Denote the center of the compact Lie group Ay by z^^ p. 



The problem in proposition 3.22 is solved, if it is assumed that, exp(ti/p pi7r,p) G p holds for all t G M. 

The state is DifF(7^p'')-invariant. Furthermore this state is M-invariant for all quantum Hamilton parts 
Hr^^p such that exp(t_ff]t pHr^.p) £ z^^ p yields for alH € M and Ti being a subgraph of T. 

Notice that, p)(^r) = holds for aU Af. e C{Af) and 

for aU /r G Z{A'^) and E+jr)Eg_^{r) e p. Consequently, a^+^n^ ^ G 2lut(Z(^5!,) x l iS^^j p). 
Theorem 3.24. Let {Ti} be an inductive family of graphs, S be a set of surfaces and Sd a set of discretised 



surfaces associated to S such that the assumptions in definition 2.^1 are satisfied. For a fixed graph T let 



(C(Aoc),Diff(7'r),C) and {Z{A^-^),T)]S{V^'')X) be two C* -dynamical syst 



ems. 



Moreover, let {iJri,p} be a family of quantum Hamilton parts restricted to graphs such that each element 
exp(ii7jt pHy" p) £ p for all t eM. and all graphs being a subgraph ofTi. 

Let {(Z(^p. ), M, aj:^+ //j, )} be a family of C* -dynamical systems. Finally, let uic be the limit state on the 

* -algebra Z{A'^) Xl '^g^ of the states {w^'} of the families {Z{Ay ) >^ l p i of * -algebras. The state lu^' 
is a KMS-state for Z{Ap.) at value (3 £ R for ct^+ ^ and such that 



'^C pifr,,P 

for a graph Ti and all I < i < oo. 

Then for a fixed graph T there exists a Diff ('Pp'*)- and T>ifi{VY) -invariant state on C{A\oc) Z^A^"^) Xl '^5^; 
which is a product state on a state um ofC{A\oc) and a state (Jjc of Z{A^'^) x^ ^s^- 

The state on the localised holonomy-flus cross product *-algebra depends on the family of KMS-states and 
the state lum of C(,4ioc)- Notice that, ujm need not be Gg^ p-invariant for any graph F. This is indeed 
distinguishing from the results of the analytic holonomy C* -algebra, where the state is required to be 
invariant. For example refer to |H1 Cor.: 3.60] [7, Cor.: 6.4.3]. But since there is no action of the fluxes on 
this part of the localised holonomy-flux cross-product *-algebra, this invariance is not required. 



Contrary to corollary |3.7| consider the following remark. 
Remark 3.25. The limit 

Ss^.pif) lim [H+ pHr'.pJ] 

J— >-oo j ' J ■ 

for every f G T){Sg^ p) and every element exp{H^, pHY' .p) € p^^ and F^ < F^, i,k £ N, is not well- 
defined in the norm topology. 
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Until now only quantum Hamilton parts restricted to certain subgraphs of a graph are considered. Hence, 
the full quantum Hamilton part for a family {F^} of graphs is given by 



Proposition 3.26. Let {F^} he an inductive family of graphs, S he a s et of surfaces and Sd a set of discretised 



surfaces associated to S such that the assumptions in definition 2.^1 are satisfied 



Moreover, let {_ffri,p} be a family of quantum Hamilton parts restricted to graphs such that each element 
exp{tH^, pHy" p) G Zg^ p for allt£M. and each subgraph F^ ofTi. 

Let {{Z{Af'.),R,ajj+ he a family of C* -dynamical systems. Finally, let {uj^^^t^} he a family of states 

Then the limit state ujc,p on Z{A^'^) x l ^s^' '■^ given hy 



such that cD^'ig is a state on the * -algehra Z{Ay.) 



^£,p(A):=^lim -L. J2 u^l' (a^. ^H,, Jt){A)) 
°° I ill T'.eVn \ • / 

and where jPrJ denotes the number of subgraphs of a graph Fj, and which is M.-invariant w.r.t. the auto- 
morphism group t (X fj+ j,{t) , for A £ Z{A^'^) xi l ^Sd' '^'^^^ '^''^ converge in weak * -topology. 

This proposition implies that, the one-parameter group t M> aH^Hpit) of * -automorphisms is not strongly 
continuous. Consequently, the derivation 6p on Z^A^"^), which is given by 

Jp(/):=lhnJ(a^.H.(t)(/)-/)=lhn ^ hm ( ^ a^*,,,^,,. - /) 



for / €E Z{A^'^), is not converging in norm. 



Now, recall the operator [1)a{'^)~^, Q(V^)d,r], whenever 7 g F and where Q(V)d,r is sum over finite products 
of discretised flux operators for a surface Sd and a graph F. Then the quantum Hamilton restricted to a 
graph contains also elements of g'^"^ . 

Consequently define the discretised and localised quantum flux operator associated to a surface Sd and a 
family {F^} of graphs by 

where Es^,r[ Es^^) e 3^§^j.^ for every subgraph F', of F,. 

Proposition 3.27. Let {F^} be an inductive family of graphs, S be a s et of surfaces and Sd a set of discretised 



surfaces associated to S such that the assumptions in definition 2.^1 are satisfied. 

Let |(2^(^p,),]R,Q!^+ j^^ ^ )| be a family of C* -dynamical systems. Morever, let {w^'} be a family of 
states such that cD^' is a state on the * -algebra Z{Ay.) r ■ 

Then the limit Cjc,e on Z{A^'^) x l ^Sd' is given hy 



I ^'i r'ePr \ d , / 



whenever A G Z{A^'^) Xl o.nd where jPrJ denotes the number of subgraphs of a graph Fj. The state 
uiC,E is R-invariant w.r.t. the automorphism group 1 aj^+ (t) and converges in weak * -topology. 
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Proof : Derive 



lim 

r, — >-r„ 



— y 



Recall proposition 3.8 Furthermore the last proposition implies that, the derivation Se on ZlA^"^), which 
is given by 



lim lim ,„ 



for / G Z[A^'^), converges in norm. 

Problem 3.1: Let {Vi] be an inductive family of graphs, S be a set o f surfaces and a set of discretised 



2.41 



surfaces associated to S such that the assumptions in definition 
(C(^),«B(7'r),C) and {Z{A^''),^c.^^^^^^{V^^-^),C,) be two C*-dynamical systems 

The discetrised quantum volume operator is explicity defined by 



are satisfied. For a fixed graph F let 



Q{V*V)^X--= E Es.{^:i)+Es.{i2)^Es.{ii)+Es.{ii)Es.h2)Es.{i:i) 
(71.72,73) 

such that Qd r{V*V) e 2:^ p. Recall the quantum Hamilton constraint Hr restricted to a graph is presented 
by 

exp(iJr) := exp(i/r,p)[f)r(7), Q{V)dT] 

Moreover let {Hr^} be a family of quantum Hamilton constraints restricted to graphs such that each element 
exp(iiJp,i7r;) e C*{Af'J xi (£^^ p. for alH e M and all graphs {F-} being subgraphs of F^. 

Recall the family {li^*} of states of the family {Z(^p.) x (B^^ p.} of *-algebras, which are KMS-states for 
Z{Ap.) at value /3 e M and such that the states satisfy 



- r, 



10/ o ap+ p 



C/r" o Co- o a_E+ 



/ . 1 ^ /, T 



r ' p 1 . , i-' 



for all cr e Diff (T'pf ), i e R, a subgraph F', of F^ and all 1 < i < cx). 
There is a problem of co nverg ence of the limit state on the localised holonomy-flux cross-product *-algebra 



presented in proposition 3.26 Consequently, the hmit state Cjc on Z{Ay.) x_l p. has to be analysed 



further. The hope is that for a suitable modified (or localised) quantum Hamilton constraint derived from 



N 



H+H:= lim H+ H^. = lim V H+Hr 

r'e-Pr, 



the state ujc satisfies 



W£ ° ttif+ij = ^ hm 



ujc 



(24) 
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Summarising, in this situation the state W£ would be invariant under the automorphisms inherited by 
the modified quantum Hamilton H, but the state is only invariant under a finite set of exceptional graph- 
diffeomorphisms. Despite this fact a localised quantum diffcomorphism constraint is defined as follows. First 
recall the construction presented in (TUl Sec: 5], [3 Sec: 7.3]. There some certain operators are developed 
in the situation of C*-algebras. Apart from C*-properties the following objects can be analysed. Similarly 
define an operator, which depends on a bisection in *B(Pp) and which is C(^p )-valued, and denote this 
operator by Z??. The set of all these operators is denoted by 2)^^ p. Furthermore there is an operator, which 

depends on a bisection in 03 surf(^r'') ^'^'^ which is Z{A^'^) x €g^-valued, and this operator is denoted by 
D'l ^. The adjoint operator is denoted by £'p*p- The set of all these operators is denoted by Sip. For each 

graph F; of a family of graphs there exists a generating system ^(^r'') of bisections for this graph. 

Then set 

for every subgraph F' of F^ . The sum over all graphs of a family of graphs defines the localised quantum 
difFeomorphism constraint. The linear hull over all graphs of a family of graphs of all elements of the 
set p, the set 2)p and the set of all quantum Hamilton constraints restricted to a graph F forms the 
* -algebra £ of quantum constraints. Note that, this algebra is not a subalgebra of the localised holonomy-flux 
cross-product *-algebra associated to a discretised surface set. Finally, the modified quantum Master 
constraint M is defined by the sum of the modified quantum Hamilton constraint and the localised quantum 
diffcomorphism constraint. 

The localised holonomy-flux cross-product * -algebra can be enlarged such that this algebra will be a sub- 
algebra. This algebra will be based on the cross-product construction once more and consequently will be 
called the localised holonomy-flux-graph-diff"eomorphism cross-product *-algebra associated to a 
discretised surface set. It will contain all finite graph-diffeomorphisms. Note that, the modified quantum 
Hamilton constraint is not contained in this algebra, but it will be in a suitable sense be affilliatcd with. 
Now, Dirac states and Dirac observables have to be analysed. 

Assume that, Sd denotes a set of Dirac states on the localised holonomy-flux-graph-diffeomorphism cross- 
product *-algebra 21. It is not obvious that Dirac observables can be easily defined, since the set generated 
by all quantum constraints in €. defines a closed left and right ideal in 21. Assume that Od is the algebra of 
Dirac observables, which is a subalgebra of the localised holonomy-fiux-graph-diffeomorphism cross-product 
* -algebra. Then 

:= {Ac,Od- oim{t){A) = A,Vi e M} 

defines a localised *-algebra of complete quantum observables for surfaces. Hence the localised 
holonomy-flux-graph-diffeomorphism cross-product *-algebra associated to a discretised surface set is sup- 
posed to be a physical algebra in the context of [8]. 



Finally, a short remark with respect to C*-algebras is stated. The localised holonomy-fiux cross-product 
C* -algebra for surfaces is constructable as the inductive limit C* -algebra of the inductive family of C*- 
algebras {C(ylp) ® C{G p) xi ^p} for a suitable set of discretised surfaces associated to a surface set 

S with appropriate properties with respect to the inductive limit of the family of graphs. The ideas are 
derived from to the holonomy-flux cross-product C* -algebra presented in (THIE]. There it has been also 
given an enlargement of the holonomy-flux cross-product C*-algebra, which contains finite diffeomorphisms. 
The generators defined by the quantum diffeomorphisms are not contained in this algebra but affiliated with. 
This idea will be used in a future work for a similar enlargment of the localised holonomy-flux cross-product 
C*-algebra for surfaces. Consequently a physical algebra, which is indeed a C*-algebra, can be constructed 
in this way. 
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4 Comparison table 



A comparison of the localised holonomy-flux cross-product * -algebra and the holonomy-flux cross-product 
*-algebra is presented in the next table. Summarising the construction is based on the algebra of continuous 
functions depending on holonomics along paths, which is a left (or right-) module for the enveloping flux 
algebra for surfaces. Consequently, certain algebras can be derived as abstract cross-product algebras. The 
differences appear by the choice of the set of paths, and hence the construction of the quantum configuration 
space. Therefore different holonomy algebras arc considered. In particluar the algebras distinguish with 
respect to the multiplication operation of the elements of these algebras, and their localisation or non- 
localisation with respect to a set of discretised surfaces associated to surface sets. 
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